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Possible short and semi-short representations for N = 2 and N = 4 superconformal
symmetry in four dimensions are discussed. For N = 4 the well known short
supermultiplets whose lowest dimension conformal primary operators correspond
to 1
2
-BPS or 1
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-BPS states and are scalar fields belonging to the SU(4)r symmetry
representations [0, p, 0] and [q, p, q] and having scale dimension ∆ = p and ∆ = 2q+p
respectively are recovered. The representation content of semi-short multiplets,
which arise at the unitarity threshold for long multiplets, is discussed. It is shown
how, at the unitarity threshold, a long multiplet can be decomposed into four semi-
short multiplets. If the conformal primary state is spinless one of these becomes a
short multiplet. For N = 4 a 1
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1. Introduction
Since the discovery of the AdS/CFT correspondence there has been a resurgence of
interest in superconformal quantum field theories in four dimensions. The maximal N = 4
theories for gauge group SU(N) with coupling g have been of particular interest and, as is
now well known, the supergravity approximation to type IIB string theories on AdS5×S5
gives direct information in the limit N →∞ for large λ where λ = g2N . The N = 4 theory
is superconformal for any g and it is possible to also obtain perturbative results valid for
small λ. Of particular interest are correlation functions of chiral primary operators which
may be written as CIr1...rptr(Xr1 . . .Xrp) where C
I
r1...rp are a set of symmetric traceless
SO(6) tensors and Xr are the lowest dimension scalar fields in the N = 4 theory, belonging
to the adjoint representation of the gauge group and the 6-dimensional representation of
the R-symmetry group SO(6)R ≃ SU(4)R.
Recently there has been extensive analysis of such four point correlation functions,
primarily for the simplest p = 2 case, in relation to the operator product expansion
[1,2,3,4,5,6,7]. The operators appearing belong to various supermultiplets. For a long
supermultiplet, for which the number of states is proportional to 216, the scale dimen-
sion ∆ for the lowest dimension state is unconstrained so long as it satisfies an inequality
∆ ≥ ∆0, where ∆0 depends on the spin and SU(4)R symmetry representation, necessary
for unitarity [8,9], for a useful review see [10]. In such supermultiplets the scale dimension
ranges from ∆ to ∆ + 8. The cardinal example [11] is the supermultiplet for which the
lowest dimension state is formed by the Konishi scalar, which is a SU(4)R singlet and
for which ∆0 = 2. In the interacting theory there is an anomalous dimension so that
∆ = ∆0 + O(λ). In addition there are various short supermultiplets in which the num-
ber of states involve factors 2p, p < 16. These result from the lowest dimension state
satisfying BPS like conditions where various supercharges annihilate the lowest dimension
state. The simplest are the supermultiplets formed from the chiral primary operators de-
scribed above which are scalars belonging to the [0, p, 0] SU(4)R representation and with
∆min = p. These are
1
2 -BPS representations and the supermultiplet then has operators
with a maximum dimension ∆min + 4, for p ≥ 4. As well as this example the known
short supermultiplets also include 14 -BPS representations with the lowest dimension states
belonging to the [q, p, q] SU(4)R representation ∆min = 2q + p and ∆max = ∆min + 6. For
these examples the BPS shortening conditions apply to both the Q and Q¯ supercharges
which requires the lowest dimension state to be spinless. The scale dimensions of such
short multiplets are expected to be protected against perturbative corrections.
Besides the contributions of these operators and their higher dimension descendents
other operators with apparently protected scale dimensions have been identified in the
operator product expansion analysis. The first to be exhibited [2,3] was a scalar operator
1
with ∆ = 4 in the 20-dimensional [0, 2, 0] representation. This exactly satisfies the uni-
tarity bound so there is no apparent reason to prohibit an anomalous dimension. This
operator has been identified with the double trace operator formed from the product of
two [0, 2, 0] chiral primary operators in the large N limit and its vanishing anomalous
dimension confirmed by field theory calculations [11,12,13]. Multiplets with protected di-
mensions, and with the possibility of non zero spins, were also demonstrated in the general
tensor product decomposition of two chiral primary 1
2
-BPS operators by an analysis of the
corresponding three point functions for N = 2 [14] and N = 4 [6]. Recently [7] we also
showed the necessary existence in the operator expansion for two [0, 2, 0] chiral primary
operators of families of such protected supermultiplets whose lowest dimension operators
satisfied ∆0 = 4+ ℓ where the spin representation was (
1
2
ℓ, 1
2
ℓ) and which belonged to the
[0, 2, 0], [1, 0, 1] representations for ℓ even, odd. The conformal partial wave analysis in
[7] demonstrates that the associated supermultiplets do not have the full range of scale
dimensions, and also spins, expected for a long supermultiplet.
In this paper we reanalyse the possible shortening conditions consistent with super-
conformal symmetry directly from the superconformal algebra and attempt to provide a
unified treatment of different possible cases. We reproduce well known results for finding
short supermultiplets when the lowest dimension operator satisfies BPS like conditions. If
the BPS conditions are applied for both the Q and Q¯ supercharges then the lowest di-
mension operator must be spinless, j = ¯ = 0. There are also various so called semi-short
supermultiplets, depending on the SU(4)R representation of the lowest dimension state,
which may occur at the threshold of the unitarity bound, ∆ = ∆0. In these examples
the semi-shortening conditions may be applied for both the Q and Q¯ supercharges for
arbitrary spin representations (j, ¯) and then the maximum scale dimension in the super-
multiplets is ∆0 + n, n = 4, 5, 6, 7 with the total number of states involving a factor 2
2n.
We also consider multiplets in which the semi-shortening condition is applied to the Q
supercharges while for Q¯ there is the full BPS shortening condition, and vice versa. The
lowest dimension state then has spin (j, 0) or (0, ¯).
The structure of superconformal multiplets and possible shortening conditions has
been extensively investigated previously by a variety of methods, in particular by using
harmonic oscillator methods [15,16] and harmonic superspace [17,18,19]. Here we construct
the supermultiplets directly from the superconformal algebra and also determine the spins
and R-symmetry representations for the various fields present in supermultiplet which
may contribute in a conformal operator product expansion. We attempt to give a unified
description of possible short and semi-short multiplets including special cases where there
are conservation equations or equations of motion. The particular cases depend on the
fraction of the total number of supercharges for which the shortening or semi-shortening
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conditions are applied. We also show how a long multiplet at its unitarity threshold may
be decomposed in general into four semi-short multiplets although for a spinless lowest
dimension state one is a 14 -BPS multiplet.
In N = 4 supersymmetric gauge theories, except for 12 -BPS multiplets and one partic-
ular case for 1
4
-BPS multiplets, then even if fields are part of short or semi-short multiplets
in the free theory there is no guarantee that there could not be a non zero anomalous
dimension in the interacting theory for non zero g since they may all be components of
a long supermultiplet. It is a non trivial exercise, not attempted here, to see how the
spectrum of free field operators may be combined into different supermultiplets which may
then be used to construct possible long multiplets. For the case of the Konishi scalar
then the associated N = 1 superfield satisfies a differential constraint in the free theory,
corresponding to a semi-shortening condition on the supermultiplet, which is related to
the presence of a conserved current. However this superspace equation has an anomaly in
the interacting theory, which implies the usual axial anomaly for the conserved current,
and the addition of the anomaly ensures that there are then sufficient degrees of freedom
to form a long multiplet which may gain an anomalous dimension.
In our discussion an essential role is played by the Racah Speiser algorithm [20] for
determining the different representations that may be formed when the supercharges act on
a superconformal primary state. In general the corresponding Dynkin labels are obtained
by adding the weights for the various supercharges to the Dynkin label for the supercon-
formal primary state, although if one or more of the resulting Dynkin indices obtained in
this way is negative then either the representation is replaced, up to a sign, by one with
a Dynkin label with all indices positive or zero as usual or, as when one of the indices
is −1, the associated representation is set to zero and is absent. This prescription allows
a straightforward unification of the results for the different semi-shortening conditions.
It also allows an easy understanding of when the fields satisfy conservation equations or
equations of motion. A simple introduction to the Racah Speiser algorithm is given in an
appendix. In special cases with this prescription a semi-short multiplet reduces to a short
multiplet.
In detail in this paper in the next section we review the conformal algebra and describe
briefly how unitary positive energy representations are constructed from conformal primary
states. In particular we relate the states formed by the action of field operators on the
vacuum to the finite norm positive energy states, as defined by an operator H, in the usual
mathematical treatment. The eigenvalues ∆ of H correspond to the scale dimensions of
the fields as given by the dilation operator D (although D is hermitian it has eigenvalues
i∆). In section 3 we review the superconformal algebra in four dimensions and relate
the generators of the U(2)R and SU(4)R R-symmetry groups for N = 2 and N = 4
3
to those in the standard basis associated with simple roots. In section 4 the N = 2
supermultiplets and the corresponding BPS and semi-shortening conditions analysed. It
is shown how constraints such as conservation equations arise from the supersymmetry
algebra. The SU(2)R and spin representations which arise in various supermultiplets are
described pictorially. The case when a long multiplet can be decomposed as a semi-direct
sum into short multiplets is described. The same analysis is repeated in section 5 for
the N = 4 case although there is a greater range of possibilities due to there being BPS
conditions for a fraction s = 14 ,
1
2 ,
3
4 , 1 of the supercharges. There is a similar set of
cases for the semi-shortening conditions and these can be applied independently to the
action of the Q and Q¯ supercharges. A general long multiplet at the unitarity threshold is
decomposed into semi-short multiplets, if the initial state is spinless this includes a 1
4
-BPS
multiplet. In section 6 we discuss some special cases which arise for small representations
when the Racah Speiser algorithm gives rise to negative contributions in the multiplet.
The presence of such terms is identified with the requirement for imposing equations of
motion or conservation equations on particular fields. We relate the results obtained here
to specific supermultiplets which have been found by different methods previously. Finally
in section 7 we discuss the implications of our results for the spectrum of operators in
N = 4 supersymmetric gauge theories, in particular when operators which belong to a
short or semi-short multiplet may be expected to have protected scale dimensions. Some
details are deferred to three appendices. In appendix A we show how the usual two point
function may be obtained algebraically using essentially just group theory. In appendix B
we describe the Racah Speiser algorithm for decomposing tensor products while appendix
C contains some tables of representations for short and semi-short multiplets.
2. Conformal Algebra
In d dimensions the conformal algebra is well known, for ηab = diag.(−1, 1 . . . , 1)
where a, b = 0, 1, . . . d− 1,
[Mab, Pc] = i(ηacPb − ηbcPa) , [Mab, Kc] = i(ηacKb − ηbcKa) ,
[Mab,Mcd] = i(ηacMbd − ηbcMad − ηadMbc + ηbdMac) ,
[D,Pa] = iPa , [D,Ka] = −iKa , [Ka, Pb] = −2iMab − 2iηabD ,
(2.1)
where Pa, Ka are the generators of translations, special conformal transformations, Mab =
−Mba are the generators for SO(d− 1, 1) and D is the generator of scale transformations
and other commutators not shown are zero. The algebra corresponds to that for SO(d, 2)
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since defining MAB , A,B = 0, 1, . . . , d+ 1 by
MAB =

 Mab −12 (Pa −Ka) −12 (Pa +Ka)1
2(Pb −Kb) 0 D
1
2(Pb +Kb) −D 0

 , (2.2)
then (2.1) is summarised by
[MAB,MCD] = i(ηACMBD − ηBCMAD − ηADMBC + ηBDMAC) , (2.3)
with ηAB = diag.(−1, 1 . . . , 1,−1). For physical applications we require unitary, so that
MAB
† =MAB , positive energy, where the energy is determined by
H =M0d+1 = −
1
2 (P0 +K0) , (2.4)
representations.
Acting on a multi-component quasi-primary field OI(x) we have
[Pa,OI(x)] = i∂aOI(x) , [D,OI(x)] = i(x·∂ +∆)OI(x) ,
[Mab,OI(x)] = i(xa∂b − xb∂a)OI(x) +OJ (x)(sab)
J
I ,
[Ka,OI(x)] = i(x
2∂a − 2xa x·∂ − 2∆xa)OI(x)− 2OJ (x)(sab)
J
Ix
b ,
(2.5)
where (sab)
I
J are the appropriate finite dimensional spin matrices, obeying the algebra of
Mab, and ∆ is the scale dimension. For such a quasi-primary field we define
|O〉I = OI(0)|0〉 (2.6)
as a set of conformal primary states satisfying
Ka|O〉I = 0 , D|O〉I = i∆|O〉I , Mab|O〉I = |O〉J(sab)
J
I . (2.7)
The space of states, on which the conformal representation is defined, is then spanned by
vectors of the form ∏
n
Pan |O〉I . (2.8)
For the conjugate field given by O¯I¯(x) = OI(x)
† we may also define
I¯〈O¯| = 〈0|O¯I¯(0) . (2.9)
which satisfies
I¯〈O¯|Ka = 0 , I¯〈O¯|D = −i∆ I¯〈O¯| , I¯〈O¯|Mab = (s¯ab)I¯
J¯
J¯ 〈O¯| , (s¯ab)I¯
J¯ = (sab)
J
I
∗ .
(2.10)
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The relation to the standard treatment of unitary positive energy representations is
obtained by a similarity transformation. With aˆ = 1, . . . d− 1,
−e−
π
2M0diDe
π
2M0d = H , e−
π
2M0d(Maˆbˆ,−iM0aˆ)e
π
2M0d = (Maˆbˆ,Mdaˆ) ,
e−
π
2M0d(Paˆ,−iP0)e
π
2M0d = (E+aˆ, E
+
d) , e
− π2M0d(Kaˆ,−iK0)e
π
2M0d = (E −ˆa, E−d) .
(2.11)
for H given by (2.4) and where
E±r =Md+1 r ± iM0 r , r = 1, . . . d , E−r = E+r† . (2.12)
These have the commutators
[E−r, E+s] = 2δrsH − 2iMrs , [H, E±r] = ±E±s , [E+r, E+s] = 0 , (2.13)
with Mrs generators for the compact SO(d) subgroup given by (2.3) with ηrs = δrs.
If we now define
|∆〉I = e
− π2M0d |O〉I , I¯〈∆| = I¯〈O¯|e
−π2M0d (2.14)
then from (2.7),(2.10) and (2.11) it is easy to see that
H|∆〉I = ∆|∆〉I , E
−
i|∆〉I = 0 , Mrs|∆〉I = |∆〉J(sˆrs)
J
I ,
I¯〈∆|H = ∆I¯〈∆| , I¯〈∆|E
+
i = 0 , I¯〈∆|Mrs = (ˆ¯srs)I¯
J¯
J¯ 〈∆| ,
(2.15)
where sˆrs and ˆ¯srs are matrices representing Mrs given by
sˆaˆbˆ = saˆbˆ , sˆdaˆ = −is0aˆ , ˆ¯saˆbˆ = s¯aˆbˆ , ˆ¯sdaˆ = is¯0aˆ . (2.16)
Corresponding to (2.8) we have a basis for a positive energy representation space given by∏
n E
+
rn |∆〉I . These states are normalisable,
I¯〈∆|∆〉I = NI¯I , (2.17)
where N = [NI¯I ] is a positive definite matrix satisfying
N−1ˆ¯srsN = sˆrs . (2.18)
The corresponding states defined in (2.6) and (2.9) are not normaliseable, unless O is the
identity and ∆ = 0. The lack of a finite norm for |O〉I is of course necessary for the
hermitian operator D to have imaginary eigenvalues in (2.7). For subsequent discussion
it is more convenient to use the non-normalisable states formed by the action of quantum
fields at x = 0 although this is entirely equivalent to a discussion in terms of states with
finite norm. In appendix A we show how the standard two point function for the field
operators can be recovered algebraically from (2.17) using (2.15).
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3. Superconformal Algebra, Four Dimensions
As is well known the conformal group in four dimensions may be extended by including
supercharges Qiα, Q¯iα˙ and also Si
α, S¯iα˙, i = 1, . . .N , so as to realise the Lie superalgebra
for SU(2, 2|N ). The usual supercharges satisfy
{Qiα, Q¯jα˙} = 2δ
i
jPαα˙ , {Q
i
α, Q
j
β} = {Q¯iα˙, Q¯jβ˙} = 0 , (3.1)
and their superconformal extensions
{S¯iα˙, Sj
α} = 2δijK˜
α˙α , {S¯iα˙, S¯jβ˙} = {Si
α, Sj
β} = 0 , (3.2)
while the anti-commutators of the Q’s and the S’s are
{Qiα, S¯
jα˙} = 0 , {Si
α, Q¯jα˙} = 0 , (3.3)
and also
{Qiα, Sj
β} = 4
(
δij(Mα
β − 12 i δα
βD)− δα
βRij
)
, (3.4a)
{S¯iα˙, Q¯jβ˙} = 4
(
δij(M¯
α˙
β˙ +
1
2
i δα˙β˙D)− δ
α˙
β˙R
i
j
)
, (3.4b)
where
Pαα˙ = (σ
a)αα˙Pa , K˜
α˙α = (σ¯a)α˙αKa ,
Mα
β = − 1
4
i(σaσ¯b)α
βMab , M¯
α˙
β˙ = −
1
4
i(σ¯aσb)α˙β˙Mab .
(3.5)
In this basis the commutators for Mab reduce to
[Mα
β ,Mγ
δ] = δγ
βMα
δ − δα
δMγ
β , [M¯ α˙β˙, M¯
γ˙
δ˙] = −δ
α˙
δ˙M¯
γ˙
β˙ + δ
γ˙
β˙M¯
α˙
δ˙ , (3.6)
and acting on the supercharges we have
[Mα
β , Qiγ ] = δγ
βQiα −
1
2δα
βQiγ , [Mα
β , Si
γ ] = −δα
γSi
β + 12δα
βSi
γ ,
[M¯ α˙β˙ , Q¯iγ˙] = − δ
α˙
γ˙Q¯iβ˙ +
1
2
δα˙β˙Q¯iγ˙ , [M¯
α˙
β˙, S¯
iγ˙ ] = δγ˙β˙S¯
iα˙ − 1
2
δα˙β˙S¯
iγ˙ .
(3.7)
Under the action of the generator of scale transformations we have
[D,Qiα] =
1
2 iQ
i
α , [D, Q¯iα˙] =
1
2 iQ¯iα˙ , [D,Si
α] = −12 iSi
α , [D, S¯iα˙] = −12 iS¯
iα˙ ,
(3.8)
and also we have
[Ka, Q
i
α] = − (σa)αα˙S¯
iα˙ , [Ka, Q¯iα˙] = Si
α(σa)αα˙ , (3.9a)
[Pa, S¯
iα˙] = − (σ¯a)
α˙αQiα , [Pa, Si
α] = Q¯iα˙(σ¯a)
α˙α . (3.9b)
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The remaining generators involve the U(N ) R-symmetry for which the Lie algebra is
[Rij , R
k
l] = δ
k
jR
i
l − δ
i
lR
k
j . (3.10)
These act on the supercharges according to
[Rij , Q
k
α] = δ
k
jQ
i
α −
1
4δ
i
jQ
k
α , [R
i
j , Q¯kα˙] = −δ
i
kQ¯jα˙ +
1
4δ
i
jQ¯kα˙ ,
[Rij , Sk
α] = − δikSj
α + 1
4
δijSk
α , [Rij , S¯
kα˙] = δkjS¯
iα˙ − 1
4
δijS¯
kα˙ .
(3.11)
For N = 4 it is evident that we may impose Rii = 0 so that the R-symmetry is then SU(4)
and the supergroup reduces to PSU(2, 2|4).
As operators we also require the hermeticity conditions
Qiα
† = Q¯iα˙ , Siα† = S¯iα˙ , Mαβ† = M¯ β˙α˙ , Rij† = Rji . (3.12)
Applying the transformation (2.11) to the supercharges, using (3.9a, b), we define
Q+iα = e
−π2M0dQiαe
π
2M0d = 1√
2
(
Qiα + σ0αα˙S¯
iα˙
)
,
Q−αi = e−
π
2M0dSi
αe
π
2M0d = 1√
2
(
Si
α + Q¯iα˙ σ¯0
α˙α
)
,
−S−iα˙ = e−
π
2M0dS¯iα˙e
π
2M0d = 1√
2
(
S¯iα˙ − σ¯0
α˙αQiα
)
,
S+iα˙ = e
−π2M0dQ¯iα˙e
π
2M0d = 1√
2
(
Q¯iα˙ − Si
ασ0αα˙
)
.
(3.13)
and the algebra (3.4a, b) becomes
{Q+iα,Q
−β
j } = 2 δ
i
jδα
βH + 4 δijM˜α
β − 4 δα
βRij ,
{S−iα˙,S+jβ˙} = 2 δijδα˙β˙H − 4 δij ˜¯M α˙β˙ + 4 δα˙β˙Rij ,
(3.14)
for M˜α
β = e−
π
2M0dMα
βe
π
2M0d , ˜¯M α˙β˙ = e
−π2M0dM¯ α˙β˙e
π
2M0d . In addition we have
{Q+iα,S
+
jα˙} = 2 δ
i
j(er)αα˙E
+
r , er = (σaˆ,−iσ0) ,
{S−iα˙,Q−αj } = 2 δij(e¯r)α˙αE−r , e¯r = (−σ¯aˆ, iσ¯0) ,
(3.15)
and [H,Q±] = ±12Q
±, [H,S±]] = ±12S
±. From the hermeticity condition (3.12)
(Q+iα)
† = Q−βi σ0βα˙ , (S+iα˙)† = σ0αβ˙S−iβ˙ , (3.16)
and also (M˜α
β)† = σ¯0β˙γM˜γδσ0δα˙. With the conventional choice σ0 = σ¯0 = 1 it is clear
that the chiral subalgebra given by {Q+iα,Q
−α
i , M˜α
β , Rij , H}, or {S
−iα˙,S+iα˙, ˜¯M α˙β˙ , Rij , H},
are generators for SU(2|4) and H has a positive spectrum. Finding the unitary finite
8
dimensional representations of these subalgebras, with lowest energy states |∆〉 satisfying
as well as (2.15) Q−αi |∆〉 = S−iα˙|∆〉 = 0, is a necessary preliminary subsequently for
determining the unitary positive energy representations of the full superconformal group.
In this paper we are interested in discussing just the physical cases of N = 2 and
N = 4. For N = 2 we may simply write
[Rij ] =
(
R3 R+
R− −R3
)
+ 12Rˆ
(
1 0
0 1
)
, (3.17)
where R±, R3 form a standard SU(2) algebra and Rˆ corresponds to the generator of U(1)R.
From (3.11) it is easy to see that Qiα, Q¯iα˙ belong to R =
1
2 representations since we have
[R+, Q
1
α] = 0 , [R3, Q
1
α] =
1
2Q
1
α , [R−, Q1α] = Q2α ,
[R+, Q¯2α˙] = 0 , [R3, Q¯2α˙] =
1
2 Q¯2α˙ , [R−, Q¯2α˙] = −Q¯1α˙ .
(3.18)
For N = 4 we express Rij in terms of the generators of SU(4) in a Chevalley basis.
For each simple root there is an associated SU(2) algebra given by Ei
±, Hi, i = 1, . . . r so
that r is the rank, which have the commutation relations
[Hi, Hj] = 0 , [Ei
+, Ej
−] = δijHj , [Hi, Ej±] = ±KjiEj± , no sum on j , (3.19)
where Kji are the elements of the Cartan matrix, Kii = 2. The generators for the non
simple positive roots are obtained by appropriate commutators of the Ei
+, and for the
corresponding negative roots from the equivalent commutators of the Ei
−, subject to the
Serre relations,
[Ei
±, [. . . [Ei±︸ ︷︷ ︸
1−Kji
, Ej
±] . . .]] = 0 , i 6= j . (3.20)
The remaining commutators for any pair of generators are then determined using (3.19)
and the Jacobi identity. For a compact group we may further impose the hermeticity
conditions
Hi
† = Hi , Ei+ † = Ei− , i = 1, . . . , r . (3.21)
For any representation space a convenient basis is then given by the eigenvectors of Hi
Hi|λ1, λ2, . . .〉 = λi|λ1, λ2, . . .〉 , (3.22)
where the λi take integer values. The representation is then uniquely characterised by the
highest weight vector satisfying
Ei
+|λ1, λ2, . . .〉
hw = 0 , λi ≥ 0 , (3.23)
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and the representation then has Dynkin labels [λ1, λ2, . . .]. The remaining basis vectors
|λ1, λ2, . . .〉 for the representation are then obtained by the successive action of Ei− on the
highest weight vector. We may also note that
Ei
−|λ1, λ2, . . .〉hw = 0 if λi = 0 . (3.24)
For SU(4), of rank 3, the Cartan matrix is
[Kij] =

 2 −1 0−1 2 −1
0 −1 2

 . (3.25)
For this case we may satisfy (3.10) by taking
[Rij ] =


1
4 (3H1+2H2+H3) E1
+ [E1
+, E2
+] [E1
+, [E2
+, E3
+]]
E1
− 1
4
(−H1+2H2+H3) E2+ [E2+, E3+]
−[E1−, E2−] E2− −14(H1+2H2−H3) E3
+
[E1
−, [E2−, E3−]] −[E2−, E3−] E3− −14 (H1+2H2+3H3)

 .
(3.26)
All commutators follow from (3.19), (3.20) and the Jacobi identity. The supercharges
Qiα, Q¯iα˙ correspond to the [1, 0, 0], [0, 0, 1] representations and from (3.11) we then have
[H1, Q
1
α] = Q
1
α , [Hi, Q
1
α] = 0 , i = 2, 3 , [Ei
+, Q1α] = 0 ,
[H3, Q¯4α˙] = Q¯4α˙ , [Hi, Q¯4α˙] = 0 , i = 1, 2 , [Ei
+, Q¯4α˙] = 0 .
(3.27)
Under commutation with Ei
− we have
Q1α
E1
−
−→ Q2α
E2
−
−→ Q3α
E3
−
−→ Q4α , Q¯4α˙
E3
−
−→ − Q¯3α˙
E2
−
−→ Q¯2α˙
E1
−
−→ − Q¯1α˙ . (3.28)
In general SU(4) representations with Dynkin labels [λ1, λ2, λ3] have dimensions
d(λ1, λ2, λ3) =
1
12(λ1+λ2+λ3+3)(λ1+λ2+2)(λ2+λ3+2)(λ1+1)(λ2+1)(λ3+1) . (3.29)
4. Superconformal Representations, N = 2
We consider superconformal representations in which the lowest dimension states be-
long to a SU(2)R representation, with U(1)R charge r, which is formed by the action of
R− on a highest weight SU(2) state |R, r〉hw satisfying
R+|R, r〉
hw = 0 , R3|R, r〉
hw = R|R, r〉hw , Rˆ|R, r〉hw = r|R, r〉hw . (4.1)
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For the consideration of spin we here also adopt a spinorial basis for the (j, ¯) representation
given by
|R, r〉α1...α2j ,α˙1...α˙2¯ = |R, r〉(α1...α2j),(α˙1...α˙2¯) . (4.2)
Under the action of the spin generators Mα
β , M¯ β˙α˙, defined in (3.5), the states given by
(4.2) transform according to
Mα
β |R, r〉α1...α2j ,α˙1...α˙2¯ = j
(
2δ(α1
β |R, r〉α2...α2j)α,α˙1...α˙2¯ − δα
β |R, r〉α1...α2j ,α˙1...α˙2¯
)
,
M¯ β˙α˙|R, r〉α1...α2j ,α˙1...α˙2¯ = − ¯
(
2|R, r〉α1...α2j ,α˙(α˙1...α˙2¯−1δ
β˙
α˙2¯) − δ
β˙
α˙|R, r〉α1...α2j ,α˙1...α˙2¯
)
.
(4.3)
The representation formed from states satisfying (4.1) and (4.3) is labelled R(j,¯).
A highest weight conformal primary state is then required to satisfy from (2.7)
Ka|R, r〉
hw
α1...α2j ,α˙1...α˙2¯
= 0 D|R, r〉hwα1...α2j ,α˙1...α˙2¯ = i∆|R, r〉
hw
α1...α2j ,α˙1...α˙2¯
. (4.4)
In addition from (3.8) we must impose
Si
α|R, r〉hwα1...α2j ,α˙1...α˙2¯ = S¯
iα˙|R, r〉hwα1...α2j ,α˙1...α˙2¯ = 0 , (4.5)
for this to the lowest dimension in the supermultiplet and to be a superconformal primary
state.
A basis for the full representation space is then provided by acting on states satisfying
(4.4) and (4.5), as well as (4.1), with R−, Pa and the eight supercharges Qiα, Q¯kα˙. The
set of states Sl,l¯∏
i,k,α,α˙
(
Qiα
)niα(
Q¯kα˙
)n¯kα˙ |R, r〉hwα1...α2j ,α˙1...α˙2¯ , niα, n¯kα˙ = 0, 1 , (4.6)
for l =
∑
i,α niα, l¯ =
∑
k,α˙ n¯kα˙, l, l¯ = 0, 1, 2, 3, 4, and for some appropriate ordering
of the Q and Q¯ supercharges, form, together with those obtained by the action of R−,
a basis for a vector space Vl,l¯. For all states in Vl,l¯ the scale dimension is ∆ +
1
2 (l +
l¯) while the U(1)R charge is r +
1
2
(l − l¯). Acting with Ka, using (3.9a) and (3.4a, b),
(3.3) with (4.4), (4.5), Vl,l¯ → Vl−1,l¯−1 and KaVl,0 = 0, KaV0,l¯ = 0. For general ∆ any
state (4.6) in Sl,l¯ is a conformal primary state, annihilated by Ka, if l = 0 or l¯ = 0 or
becomes a conformal primary by the addition of a suitable combination of states in Vl−1,l¯−1
acted on by the momentum operator. The states belonging to Vl,l¯ may be decomposed
into representations for SU(2)R and spin. According to the Racah Speiser algorithm the
resulting representations R′(j′,¯′) are obtained by adding the weights associated with each
supercharge, from (3.18),
Q1α ∼
1
2 (± 12 ,0)
, Q2α ∼ (−
1
2 )(± 12 ,0) , Q¯2α˙ ∼
1
2 (0,± 12 )
, Q¯1α˙ ∼ (−
1
2 )(0,± 12 ) , (4.7)
11
to R(j,¯), so long as all R
′, j′, ¯′ ≥ 0, for all possible niα, n¯kα˙ consistent with fixed l, l¯.
Thus the SU(2)R representations are then given by every R
′ = R + 12
∑
α(n1α − n2α) −
1
2
∑
α˙(n¯1α˙− n¯2α˙). Altogether there are therefore in general
(
4
l
)(
4
l¯
)
representations R′(j′,¯′).
If one or more of the resulting R′, j′, ¯′ are negative then, according the Racah Speiser
algorithm which is discussed more fully later, there is a simple recipe for cancelling such
representations. The four Qiα supercharges by themselves acting on a representation R(j,¯)
give
R(j,¯)
Q
−→
(R+ 12 )(j± 12 ,¯)
(R− 12 )(j± 12 ,¯)
Q2
−→
(R± 1)(j,¯), R(j,¯)
R(j±1,¯), R(j,¯)
Q3
−→
(R+ 12 )(j± 12 ,¯)
(R− 12 )(j± 12 ,¯)
Q4
−→ R(j,¯) , (4.8)
corresponding to l = 0, 1, 2, 3, 4, l¯ = 0, so long as R ≥ 1, j ≥ 1. The action of the Q¯
supercharges is given by the conjugate of (4.8).
A general long supermultiplet, denoted by A∆R,r(j,¯), is obtained by the application of
all 8 supercharges Qiα, Q¯iα˙ to a highest weight state satisfying (4.1) and with U(2)R and
spin quantum numbers R, r, j, ¯. The representations belonging to Vl,0 are given by (4.8)
and those forming Vl,l¯, l¯ > 0 may then be obtained by applying the conjugate of (4.8) for
all representations in Vl,0. Since there are no constraints it is straightforward to see that
dimA∆R,r(j,¯) = 256(2R+ 1)(2j + 1)(2¯+ 1) . (4.9)
For a unitary representation we must have in this case [8]
∆ ≥ 2 + 2j + 2R + r , 2 + 2¯+ 2R − r . (4.10)
For a truncated representation we may impose the BPS-condition if j = 0,
Q1α|R, r〉
hw
α˙1...α˙2¯
= 0 . (4.11)
In this case we must impose consistency with the result (3.4a) for the anti-commutator
{Q1α, Sjβ} and with (4.1) and (4.4), since the state is annihilated by Mαβ , it is easy to see
that this requires
∆ = 2R+ r . (4.12)
For the Q¯ charges the corresponding condition, if ¯ = 0, is
Q¯2α˙|R, r〉
hw
α1...α2j
= 0 , (4.13)
which gives instead from (3.4b)
∆ = 2R− r . (4.14)
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With (4.11) or (4.13) the multiplet is generated using only Q2α or Q¯1α˙ so that l = 0, 1, 2
or l¯ = 0, 1, 2. The following representations are then obtained for the action of the Q or Q¯
supercharges,
R(0,¯)
Q
−→ (R− 1
2
)( 12 ,¯)
Q2
−→ (R−1)(0,¯) , R(j,0)
Q¯
−→ (R− 1
2
)(j, 12 )
Q¯2
−→ (R−1)(j,0) , (4.15)
with dimensions 8R(2¯+ 1), 8R(2j + 1) in each case.
If (4.11) holds for both Q1α and Q
2
α then it is necessary that R = 0 and ∆ = r.
Conversely for R = 0 (4.11), using (3.18), implies the corresponding result for Q2α.
Reduced supermultiplets may be obtained by applying shortening conditions to the
action of the Q or Q¯ supercharges or both. Imposing just (4.11), and hence requiring
(4.12), we may construct an asymmetric supermultiplet, using the conjugate of (4.8),
which is denoted by BR,r(0,¯). This can then be represented by the diagram, corresponding
to l = 0, 1, 2, l¯ = 0, 1, 2, 3, 4,
∆
2R+r R(0,¯)
ւ ց
2R+r+12 (R−
1
2)( 12 ,¯)
(R+ 12 )(0,¯± 1
2
)
(R− 12 )(0,¯± 1
2
)
ւ ց ւ ց
2R+r+1 (R− 1)(0,¯)
(R)
( 1
2
,¯± 1
2
)
(R−1)
( 1
2
,¯± 1
2
)
(R±1)(0,¯),R(0,¯)
R(0,¯±1),R(0,¯)
ց ւ ց ւ ց
2R+r+32
(R− 12 )(0,¯± 1
2
)
(R− 32 )(0,¯± 1
2
)
(R+ 12 )( 1
2
,¯)
(R− 12 )( 1
2
,¯±1),( 1
2
,¯),( 1
2
,¯)
(R− 32 )( 1
2
,¯)
(R+ 12 )(0,¯± 1
2
)
(R− 12 )(0,¯± 1
2
)
ց ւ ց ւ ց
2R+r+2
R(0,¯)
(R−1)(0,¯±1),(0,¯),(0,¯)
(R−2)(0,¯)
R
( 1
2
,¯± 1
2
)
(R−1)
( 1
2
,¯± 1
2
)
R(0,¯)
ց ւ ց ւ
2R+r+5
2
(R− 12 )(0,¯± 1
2
)
(R− 32 )(0,¯± 1
2
)
(R−1
2
)( 12 ,¯)
ց ւ
2R+r+3 (R− 1)(0,¯)
r r+1 r+12 r r−
1
2 r−1 r−
3
2 r−2
(4.16)
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where ւ corresponds to the action of the Q supercharges and ց to Q¯. The dimension in
this case is given by
dimBR,r(0,¯) = 128R(2¯+ 1) . (4.17)
Unitarity here requires
r ≥ ¯+ 1 . (4.18)
We may similarly construct the conjugate supermultiplet B¯R,r(j,0) with, instead of (4.18),
−r ≥ j + 1 and the lowest scale dimension given by (4.14) where
dim B¯R,r(j,0) = 128R(2j + 1) . (4.19)
For R = 0, when the lowest state is annihilated by Qiα for both i = 1, 2 and the
multiplet is generated solely by the action of the Q¯ charges, we have a chiral multiplet
Er(0,¯)
∆
r 0(0,¯)
ց
r+1
2
1
2 (0,¯± 12 )
ց
r+1 0(0,¯±1), 0(0,¯), 1(0,¯)
ց
r+3
2
1
2 (0,¯± 12 )
ց
r+2 0(0,¯)
r r r−1
2
r−1 r−3
2
r−2
(4.20)
For unitarity we must have (4.18) in this case as well and
dim Er(0,¯) = 16(2¯+ 1) . (4.21)
Of course there is a corresponding conjugate chiral multiplet E¯r(j,0).
Imposing the conditions (4.11) and (4.13) simultaneously requires r = 0 and also
j = ¯ = 0. We may describe this N = 2 short supermultiplet BˆR, generated by the action
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of Q2, Q¯1 as in (4.15), by the diagram
∆
2R R(0,0)
ւ ց
2R+ 12 (R−
1
2 )( 12 ,0) (R −
1
2 )(0, 12 )
ւ ց ւ ց
2R + 1 (R− 1)(0,0) (R − 1)( 12 , 12 ) (R− 1)(0,0)
ց ւ ց ւ
2R+ 32 (R −
3
2 )(0, 12 ) (R −
3
2 )( 12 ,0)
ց ւ
2R + 2 (R − 2)(0,0)
r 1 12 0 −
1
2 −1
(4.22)
It is easy to see that the total dimension of the representations in (4.22) is
dim BˆR = 16(2R− 1) . (4.23)
For j > 0 it is also possible to impose conditions which lead to multiplet shortening.
We consider the condition corresponding to the absence of the representations with spin
(j − 1
2
, ¯) at the first level,
εαβQiβ |R, r〉
hw
α1...α2j−1α,α˙1...α˙2¯
= 0 , (4.24)
The necessary consistency conditions then arise from εαβ{Qiβ , Slγ}|R, r〉hwα1...α2j−1α,α˙1...α˙2¯ =
0 and we may easily find from (3.4a) and (4.3)(
δil(−j − 1 +
1
2
∆)−Ril
)
|R, r〉hwα1...α2j,α˙1...α˙2¯ = 0 , l = 1, 2 . (4.25)
If we require (4.24) just for i = 1 then this gives
∆ = 2 + 2j + 2R+ r , (4.26)
and the action of the Q supercharges on the highest weight state gives the representations
R(j,¯)
Q
−→
(R + 12 )(j+ 12 ,¯)
(R− 12)(j± 12 ,¯)
Q2
−→
R(j+1,¯),(j,¯)
(R− 1)(j,¯)
Q3
−→ (R− 12)(j+ 12 ,¯) , (4.27)
with a dimension 8(R(4j + 3) + j + 1)(2¯+ 1). If (4.24) is imposed for both i = 1, 2 then
(4.25) requires R = 0 and ∆ = 2 + 2j + r. Conversely if R = 0 the condition (4.24) for
15
i = 1 implies also the i = 2 case by application of R−. Assuming (4.24) for i = 1, 2 the Q
supercharges give for general R
R(j,¯)
Q
−→ (R± 12)(j+ 12 ,¯)
Q2
−→ R(j+1,¯) . (4.28)
The dimension of these representations is 8(2R+ 1)(j + 1)(2¯+ 1).
For j = 0 the condition (4.24) is replaced by
(Qi)2|R, r〉hwα˙1...α˙2¯ = 0 . (4.29)
The corresponding condition for j > 0 is of course a consequence of (4.24). In this case
conditions on representations appearing in the supermultiplet arise only at the second
level. The necessary consistency conditions for (4.29) then follow from the requirement
{Qiα, Sl
γ}Qiβ |R, r〉
hw
α˙1...α˙2¯
= Qiα{Q
i
β , Sl
γ}|R, r〉hwα˙1...α˙2¯ , l = 1, 2 . (4.30)
Using (3.4a) with (3.8), (3.7) and (3.11) then gives
(
δil(−1 +
1
2
∆)−Ril
)
|R, r〉hwα˙1...α˙2¯ = 0 , l = 1, 2 . (4.31)
Taking (4.29) to be valid for just i = 1 we obtain
∆ = 2 + 2R+ r , (4.32)
and, instead of (4.27), the action of the Q supercharges on this highest weight state gives
R(0,¯)
Q
−→ (R ± 1
2
)( 12 ,¯)
Q2
−→
R(1,¯),(0,¯)
(R− 1)(0,¯)
Q3
−→ (R− 1
2
)( 12 ,¯) . (4.33)
For both i = 1, 2 (4.29) requires R = 0 and ∆ = 2 + r. Note also that (Q1)2|0, r〉 = 0 also
entails εαβQ1αQ
2
β|0, r〉 = (Q2)2|0, r〉 = 0.
If the semi-shortening conditions (4.24) or (4.29) are applied to a superconformal
primary state, with scale dimensions given by (4.26) or (4.32), then together with the
action of the Q¯ supercharges, given by the conjugate of (4.8), leads to a supermultiplet
CR,r(j,¯) with
dim CR,r(j,¯) = 128(R(4j + 3) + j + 1)(2¯+ 1) . (4.34)
In a similar fashion we may impose the conjugate conditions to (4.24) or (4.29),
εα˙β˙Q¯iβ˙|R, r〉
hw
α1...α2j ,α˙1...α˙2¯−1α˙
= 0 , ¯ > 0 ,
(Q¯i)
2|R, r〉hwα1...α2j = 0 , ¯ = 0 ,
(4.35)
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giving for just i = 2
∆ = 2 + 2¯+ 2R− r , ∆ = 2 + 2R − r , (4.36)
in each case. The action of Q¯ is then given by the conjugate of (4.27) or (4.33) respectively.
Requiring (4.35) for i = 1, 2 is identical as above after taking R = 0. Assuming (4.35) for
i = 2 leads to a supermultiplet C¯R,r(j,¯) which is the conjugate of CR,r(j,¯).
If the semi-shortening conditions are applied for both the Q and Q¯ supercharges then a
semi-short supermultiplet denoted by CˆR(j,¯) is obtained. Assuming both (4.24) and (4.35)
then for compatibility of (4.26) and (4.36) r = ¯ − j. Just as in in other cases we may
easily construct a diagram displaying all representations that appear in the supermultiplet
in this case by using (4.27) and its conjugate to obtain those formed by the action of both
Q’s and Q¯’s,
∆
2R+j+¯+2 R(j,¯)
ւ ց
2R+j+¯+5
2
(R+ 12 )(j+ 1
2
,¯)
(R− 12 )(j± 1
2
,¯)
(R+ 12 )(j,¯+ 1
2
)
(R− 12 )(j,¯± 1
2
)
ւ ց ւ ց
2R+j+¯+3
R(j+1,¯),(j,¯)
(R−1)(j,¯)
(R+1)
(j+ 1
2
,¯+1
2
)
,(R−1)
(j± 1
2
,¯± 1
2
)
R
(j+1
2
,¯± 1
2
),(j± 1
2
,¯+1
2
)
R(j,¯+1),(j,¯)
(R−1)(j,¯)
ւ ց ւ ց ւ ց
2R+j+¯+7
2
(R−1
2
)(j+ 12 ,¯)
(R+ 12 )(j+1,¯+1
2
),(j,¯+1
2
)
(R− 12 )(j,¯+1
2
),(j+1,¯± 1
2
),(j,¯± 1
2
)
(R− 32 )(j,¯± 1
2
)
(R+ 12 )(j+ 1
2
,¯+1),(j+1
2
,¯)
(R− 12 )(j+1
2
,¯),(j± 1
2
,¯+1),(j± 1
2
,¯)
(R− 32 )(j± 1
2
,¯)
(R−1
2
)(j,¯+ 12 )
ց ւ ց ւ ց ւ
2R+j+¯+4
R
(j+1
2
,¯+ 1
2
)
(R−1)
(j+1
2
,¯± 1
2
)
R(j+1,¯+1),(j+1,¯),(j,¯+1),(j,¯)
(R−1)(j+1,¯),(j,¯+1),(j,¯),(j,¯)
(R−2)(j,¯)
R
(j+1
2
,¯+1
2
)
(R−1)
(j± 1
2
,¯+1
2
)
ց ւ ց ւ
2R+j+¯+92
(R− 12 )(j+ 1
2
,¯+1),(j+1
2
,¯)
(R− 32 )(j+1
2
,¯)
(R− 12 )(j+1,¯+1
2
),(j,¯+1
2
)
(R− 32 )(j,¯+1
2
)
ց ւ
2R+j+¯+5 (R− 1)(j+ 12 ,¯+ 12 )
r ¯−j+3
2
¯−j+1 ¯−j+1
2
¯−j ¯−j−1
2
¯−j−1 ¯−j−3
2
(4.37)
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For this case the dimension formula is
dim CˆR(j,¯) = 32R(4j + 3)(4¯+ 3) + 32(j + ¯+
3
2) . (4.38)
For j = ¯ = 0 there is no restriction on the representations appearing at the first level.
If R = 0 we may impose both the conditions (4.24) and (4.35) simultaneously for
i = 1, 2. In this case compatibility with (3.1) requires that we have
P˜α˙α|0, ¯−j〉αα1...α2j−1,α˙α˙1...α˙2¯−1 = 0 , (4.39)
where ∆ = 2 + j + ¯ for this state. This is of course a generalised conservation equation.
The full multiplet Cˆ0(j,¯) is then described by
∆
j+¯+2 0(j,¯)
ւ ց
j+¯+5
2
1
2 (j+ 12 ,¯)
1
2 (j,¯+ 12 )
ւ ց ւ ց
j+¯+3 0(j+1,¯) 1(j+ 12 ,¯+
1
2 )
, 0(j+ 12 ,¯+
1
2 )
0(j,¯+1)
ց ւ ց ւ
j+¯+7
2
1
2 (j+1,¯+ 12 )
1
2 (j+ 12 ,¯+1)
ց ւ
j+¯+4 0(j+1,¯+1)
r ¯−j+1 ¯−j+12 ¯−j ¯−j−
1
2 ¯−j−1
(4.40)
Every state satisfies a generalised conservation equation akin to (4.39). Taking into account
these constraints the dimension is still given by (4.38) for R = 0. If j = 0 then it is
appropriate to impose (4.29) and (4.35) for i = 1, 2. In this case (3.1) leads to
P˜α˙αQiα|0, ¯〉α˙α˙1...α˙2¯−1 = 0 , (4.41)
which leads to the conservation equation holding for all representations R(j, ¯) in the
multiplet with j, ¯ > 0. A similar result of course holds if ¯ = 0. If j = ¯ = 0 then applying
(4.29) and (4.35) for i = 1, 2 gives
P˜α˙α[Qiα, Q¯jα˙]|0, 0〉 = 0 , (4.42)
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which implies that the conservation equations apply first at the second level. This mul-
tiplet, in which the lowest dimension state has r = 0 and ∆ = 2, contains the conserved
currents for U(2)R symmetry as well as the conserved energy momentum tensor and was
first constructed by Sohnius [21]. Counting states gives a dimension of 24 in accord with
(4.38).
At the unitarity threshold given by (4.18) we may apply (4.35) to reduce further the
supermultiplet displayed in (4.16) giving an asymmetric multiplet which we denote by
DR(0,¯),
∆
2R+¯+1 R(0,¯)
ւ ց
2R+¯+32 (R−
1
2)( 12 ,¯)
(R+ 12 )(0,¯+1
2
)
(R− 12 )(0,¯± 1
2
)
ւ ց ւ ց
2R+¯+2 (R− 1)(0,¯)
(R)
( 1
2
,¯+1
2
)
(R−1)
( 1
2
,¯± 1
2
)
R(0,¯+1),(0,¯)
(R−1)(0,¯)
ց ւ ց ւ ց
2R+¯+52
(R− 12 )(0,¯+1
2
)
(R− 32 )(0,¯± 1
2
)
(R− 12 )( 1
2
,¯+1),( 1
2
,¯)
(R− 32 )( 1
2
,¯)
(R−12 )(0,¯+ 12 )
ց ւ ց ւ
2R+¯+3
(R−1)(0,¯+1),(0,¯)
(R−2)(0,¯) (R−1)( 12 ,¯+ 12 )
ց ւ
2R+¯+72 (R−
3
2 )(0,¯+ 12 )
r ¯+2 ¯+32 ¯+1 ¯+
1
2 ¯ ¯−
1
2
(4.43)
In this case
dimDR(0,¯) = 16(4R− 1)(2¯+ 1) + 32R . (4.44)
We may clearly also define a conjugate multiplet D¯R(j,0) if −r = j + 1 whose dimension is
the same as (4.44) with ¯→ j.
For chiral multiplets, where the lowest dimension states have R = 0 and satisfy
Qiα|0, r〉α˙1...α˙2¯ = 0 or Q¯iα˙|0, r〉α1...α2j = 0 for i = 1, 2, we may also impose the semi-
shortening conditions (4.35), for ∆ = r = 1+ ¯, or (4.24), for ∆ = −r = 1+ j respectively.
For compatibility with (3.1) these states must satisfy a generalised Dirac equation, so that
in the latter case we have
P˜α˙α|0,−1−j〉αα1...α2j−1 = 0 . (4.45)
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Taking j = ¯ the reduced chiral multiplet and its conjugate are represented by
∆
j + 1 0(j,0) 0(0,j)
ւ ց
j + 32
1
2 (j+ 12 ,0)
1
2 (0,j+ 12 )
ւ ց
j + 2 0(j+1,0) 0(0,j+1)
r −j −j−12 −j−1 j+1 j+
1
2 j
(4.46)
For a (j, 0) or (0, ¯) field obeying the Dirac equation there is one degree of freedom so that
each multiplet in (4.46) has dimension 4. If j = 0 the lowest state satisfies P 2|0,±1〉 = 0
although at higher levels the states satisfy the generalised Dirac equation. This describes
the standard N = 2 vector supermultiplet, whose lowest dimension state is a massless
scalar with scale dimension 1.
The semi-short supermultiplet CˆR(j,¯) represented by (4.37) occurs at the threshold of
the unitarity bound (4.10). It is interesting to consider how a long supermultiplet A∆R,r(j,¯)
decomposes at this point. For j, ¯ > 0 it can be written as a semi-direct sum of semi-short
representations,
A2R+j+¯+2
R,¯−j(j,¯) ≃ CˆR(j,¯) ⊕ CˆR+ 12 (j− 12 ,¯) ⊕ CˆR+ 12 (j,¯− 12 ) ⊕ CˆR+1(j− 12 ,¯− 12 ) . (4.47)
For ¯ = 0 we have
A2R+j+2
R,−j(j,0) ≃ CˆR(j,0) ⊕ CˆR+ 12 (j− 12 ,0) ⊕ D¯R+1(j,0) ⊕ D¯R+ 32 (j− 12 ,0) , (4.48)
and for j = ¯ = 0 the decomposition of A becomes
A2R+2
R,0(0,0) ≃ CˆR(0,0) ⊕DR+1(0,0) ⊕ D¯R+1(0,0) ⊕ BˆR+2 , (4.49)
which involves a short BPS representation. We also have
BR,¯+1(0,¯) ≃ DR(0,¯) ⊕DR+ 12 (0,¯− 12 ) , BR,1(0,0) ≃ DR(0,0) ⊕ BˆR+1 , (4.50)
together with their conjugates. In each case the last term represents an invariant subspace
for the long multiplet. These decompositions are consistent with (4.9), (4.38), (4.17),
(4.19) and (4.23). Both (4.47) and (4.49) are valid for R = 0 when the lowest dimension
multiplet contains conserved currents. We note that (4.48) and (4.49) are special cases of
(4.47) with the use of
CˆR(j,− 12 ) ≃ D¯R+ 12 (j,0) , CˆR(− 12 ,¯) ≃ DR+ 12 (0,¯) , D¯R(− 12 ,0) ≃ DR(0,− 12 ) ≃ BˆR+ 12 .
(4.51)
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If the semi-shortening condition is applied to just the action of the Q or Q¯ supercharges,
so that only one of the bounds in (4.10) is saturated, then instead of (4.47) we have
A2R+r+2j+2
R,r(j,¯) ≃ CR,r(j,¯) ⊕ CR+ 12 ,r+ 12 (j− 12 ,¯) , (4.52)
together with its conjugate. Note that CR,r(− 1
2
,¯) = BR+ 1
2
,r(0,¯).
5. Superconformal Representations, N = 4
For the N = 4 case the discussion of possible supermultiplets is essentially similar to
N = 2. Instead of a spinorial basis as in (4.2) we now write
[
Mα
β
]
=
(
J3 J+
J− −J3
)
,
[
M¯ β˙α˙
]
=
(
J¯3 J¯+
J¯− −J¯3
)
, (5.1)
which satisfy (3.6) subject to the usual commutation relations for the J±, J3 and J¯±, J¯3 gen-
erators of SU(2)J and SU(2)J¯ . The standard basis states are then given by |k, p, q;m, m¯〉,
labelled by the eigenvalues k, p, q of H1, H2, H3 for SU(4)R andm, m¯ of J3, J¯3. The highest
weight states then satisfy
Ei
+|k, p, q; j, ¯〉hw = J+|k, p, q; j, ¯〉
hw = J¯+|k, p, q; j, ¯〉
hw = 0 , (5.2)
as well as the analogues of (4.4) and (4.5) for this to be the lowest dimension conformal
primary state of a supermultiplet. The representation defined by (5.2) is here denoted by
[k, p, q](j,¯).
The supermultiplet is generated by the action of the supercharges Qiα, Q¯iα˙ on the
state with lowest scale dimension ∆. The supercharges have weights, corresponding to the
change in the eigenvalues of Hi and J3, J¯3, which are, from (3.27) and (3.28),
Q1α ∼ [1, 0, 0](±12 ,0) , Q
2
α ∼ [−1, 1, 0](±12 ,0) , Q
3
α ∼ [0,−1, 1](±12 ,0) , Q
4
α ∼ [0, 0,−1](±12 ,0) ,
Q¯1α˙ ∼ [−1, 0, 0](0,±12 ) , Q¯2α˙ ∼ [1,−1, 0](0,±12 ) , Q¯3α˙ ∼ [0, 1,−1](0,±12 ) , Q¯4α˙ ∼ [0, 0, 1](0,±12 ) ,
(5.3)
which define the weights of all the Q and Q¯ supercharges so that Q11 and Q¯4 1 are the
highest weight operators of the [1, 0, 0](12 ,0) and [0, 0, 1](0,
1
2 )
representations of SU(4)R ⊗
SU(2)J ⊗ SU(2)J¯ . A long supermultiplet is generated by the unconstrained action of the
16 supercharges on the lowest dimension state, in a similar fashion to (4.6). For the Q
supercharges acting on a general multiplet [k, p, q](j,¯) we have according to the Racah-
Speiser algorithm generically all possible [k′, p′, q′](j′,¯′) obtained by adding the weights in
(5.3) for each supercharge. The action of the supercharges then leads to all representations
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with [k′, p′, q′](j′,¯′) as the highest weight, so long as k′, p′, q′, j′, ¯′ are all positive or zero.
If any of k′, p′, q′, j′, ¯′ become negative the appropriate prescription is given in the next
section. In general the representations which appear are described by
[k, p, q](j,¯)
Q
−→
[k+1,p,q],[k,p−1,q+1]
(j± 1
2
,¯)
[k,p,q−1],[k−1,p+1,q]
(j±1
2
,¯)
Q2
−→
[k+1,p,q−1],[k+1,p−1,q+1],[k,p+1,q],[k,p−1,q],[k−1,p+1,q−1],[k−1,p,q+1](j±1,¯)
[k+2,p,q],2[k+1,p,q−1],2[k+1,p−1,q+1],2[k,p+1,q],2[k,p−1,q](j,¯)
2[k−1,p+1,q−1],2[k−1,p,q+1],[k,p,q−2],[k,p−2,q+2],[k−2,p+2,q](j,¯)
Q3
−→
[k+1,p−1,q],[k,p+1,q−1],[k,p,q+1],[k−1,p,q]
(j±3
2
,¯)
[k+2,p,q−1],[k+2,p−1,q+1],[k+1,p+1,q],[k+1,p,q−2],[k+1,p−2,q+2]
(j± 1
2
,¯)
3[k+1,p−1,q],3[k,p+1,q−1],3[k,p,q+1],3[k−1,p,q],[k,p−1,q−1],[k,p−2,q+1]
(j± 1
2
,¯)
[k−1,p+2,q],[k−1,p+1,q−2],[k−1,p−1,q+2],[k−2,p+2,q−1],[k−2,p+1,q+1]
(j± 1
2
,¯)
Q4
−→
[k,p,q](j±2,¯),[k+2,p−1,q+1],[k+1,p+1,q−1],[k+1,p,q+1],[k+1,p−1,q+1](j±1,¯)
[k+1,p−2,q+1],[k,p+1,q−2],4[k,p,q],[k,p−1,q+2],[k−1,p+1,q+1](j±1,¯)
[k−1,p,q−1],[k−1,p−1,q+1],[k−1,p+2,q+1],[k−2,p+1,q](j±1,¯)
[k+2,p,q−2],2[k+2,p−1,q],[k+2,p−2,q+2](j,¯)
2[k+1,p+1,q−1],2[k+1,p,q+1],2[k+1,p−1,q−1],2[k+1,p−2,q+1](j,¯)
[k,p+2,q],2[k,p+1,q−2],6[k,p,q],2[k,p−1,q+2],[k,p−2,q](j,¯)
2[k−1,p+2,q−1],2[k−1,p+1,q+1],2[k−1,p,q−1],2[k−1,p−1,q+1](j,¯)
[k−2,p+2,q−2],2[k−2,p+1,q],[k−2,p,q+2](j,¯)
Q5
−→
[k+1,p,q],[k,p,q−1],[k,p−1,q+1],[k−1,p+1,q]
(j±3
2
,¯)
[k+2,p−1,q−1],[k+2,p−2,q+1],[k+1,p+1,q−2],[k+1,p−1,q+2],[k+1,p−2,q]
(j± 1
2
,¯)
3[k+1,p,q],3[k,p,q−1],3[k,p−1,q+1],3[k−1,p+1,q],[k,p+2,q−1],[k,p+1,q+1]
(j± 1
2
,¯)
[k−1,p+2,q−2],[k−1,p,q+2],[k−1,p−1,q],[k−2,p+1,q−1],[k−2,p,q+1]
(j± 1
2
,¯)
Q6
−→
[k+1,p,q−1],[k+1,p−1,q+1],[k,p+1,q],[k,p−1,q],[k−1,p+1,q−1],[k−1,p,q+1](j±1,¯)
[k+2,p−2,q],2[k+1,p,q−1],2[k+1,p−1,q+1],2[k,p+1,q],2[k,p−1,q](j,¯)
2[k−1,p+1,q−1],2[k−1,p,q+1],[k,p+2,q−2],[k,p,q+2],[k−2,p,q](j,¯)
Q7
−→
[k+1,p−1,q],[k,p+1,q−1]
(j± 1
2
,¯)
[k,p,q+1],[k−1,p,q]
(j±1
2
,¯)
Q8
−→ [k, p, q](j,¯) . (5.4)
At each level l there are
(
8
l
)
representations of SU(4)R ⊗ SU(2)J ⊗ SU(2)J¯ . The total
dimension of this module is 28 times the dimension of the lowest dimension representation.
Defining kˆ = k + 1, pˆ = p+ 1, qˆ = q + 1 and J = 2j + 1, J¯ = 2¯ + 1 this becomes, with
the SU(4) dimension formula given in (3.29),
28d(k, p, q)(2j + 1)(2¯+ 1) =
64
3
kˆ pˆ qˆ(kˆ + pˆ)(qˆ + pˆ)(kˆ + pˆ+ qˆ)J J¯ . (5.5)
For multiplet shortening we consider BPS conditions of the form
Qiα|k, p, q; j, ¯〉
hw = 0 , α = 1, 2 , (5.6)
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which restricts the representation content at level one and subsequent levels. Since, for
the lowest scale dimension state, |k, p, q; j, ¯〉hw is annihilated by Slβ then applying (3.4a)
requires that the state must also be annihilated by Mα
β or j = 0 and then
(
δil
1
2∆−R
i
l
)
|k, p, q; 0, ¯〉hw = 0 , l = 1, 2, 3, 4 . (5.7)
Using (3.26) and (3.22), (3.23), (3.24) it is easy to see that there are the following solutions,
where s is the fraction of the charges for which (5.6) holds,
i = 1 s = 14 ∆ =
1
2 (3k + 2p+ q) ,
i = 1, 2 s = 12 ∆ =
1
2 (2p+ q) , k = 0 ,
i = 1, 2, 3 s = 3
4
∆ = 1
2
q , k = q = 0 ,
i = 1, 2, 3, 4 s = 1 ∆ = 0 , k = p = q = 0 .
(5.8)
The last case of course corresponds to the trivial singlet representation. Conversely since
from (3.28) [E1
−, Q1α] = Q2α if k = 0 the condition (5.6) for i = 1 implies the i = 2 case
by virtue of (3.24). Similarly if p = 0 or p = q = 0 as well as k = 0 we have the BPS
condition for i = 2 or i = 2, 3.
For each case we may obtain the set of representations, analogous to (5.4), obtained
by the action of the supercharges on a lowest dimension state [k, p, q](0,¯). For the
1
4 -BPS
case the six supercharges Qiα, i = 2, 3, 4, give, for general k, p, q,
[k, p, q](0,¯)
Q
−→
[k,p,q−1],[k,p−1,q+1]
( 1
2
,¯)
[k−1,p+1,q]
( 1
2
,¯)
Q2
−→
[k,p−1,q],[k−1,p+1,q−1],[k−1,p,q+1](1,¯)
[k,p,q−2],[k,p−1,q],[k,p−2,q+2],[k−1,p+1,q−1],[k−1,p,q+1],[k−2,p+2,q](0,¯)
Q3
−→
[k−1,p,q]
( 3
2
,¯)
,[k,p−1,q−1],[k,p−2,q+1]
( 1
2
,¯)
[k−1,p+1,q−2],2[k−1,p,q],[k−1,p−1,q+2],[k−2,p+2,q−1],[k−2,p+1,q+1]
( 1
2
,¯)
Q4
−→
[k−1,p,q−1],[k−1,p−1,q+1],[k−2,p+1,q](1,¯)
[k,p−2,q],[k−1,p,q−1],[k−1,p−1,q+1],[k−2,p+2,q−2],[k−2,p+1,q],[k−2,p,q+2](0,¯)
Q5
−→
[k−1,p−1,q]
( 1
2
,¯)
[k−2,p+1,q−1],[k−2,p,q+1]
( 1
2
,¯)
Q6
−→ [k−2, p, q](0,¯) . (5.9)
In this case at level l there are
(
6
l
)
representations of SU(4)R ⊗ SU(2)J¯ . The dimension
of this module, which may be obtained by adding the dimensions of all representations in
(5.9), is,
26d(k − 1, p, q)J¯ − 83 pˆ qˆ(pˆ+ qˆ)(3kˆ + 2pˆ+ qˆ − 3)J¯ . (5.10)
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When the 12 -BPS condition is applied the states are obtained just by the action of the
Q3α, Q
4
α supercharges. According to (5.8) we should set k = 0 in the lowest dimension
state for this case but we allow for arbitrary k for subsequent appplication. The action of
the supercharges then gives representations obtained by adding weights,
[k, p, q](0,¯)
Q
−→
[k,p,q−1]
( 1
2
,¯)
[k,p−1,q+1]
( 1
2
,¯)
Q2
−→
[k,p−1,q](1,¯),[k,p,q−2](0,¯)
[k,p−1,q],[k,p−2,q+2](0,¯)
Q3
−→
[k,p−1,q−1]
( 1
2
,¯)
[k,p−2,q+1]
( 1
2
,¯)
Q4
−→ [k, p−2, q](0,¯) . (5.11)
In (5.11) it is easy to see that there are now
(
4
l
)
representations of SU(4)R⊗SU(2)J¯ . The
result (5.11) is valid for k ≥ 0, p, q ≥ 2, restriction to other cases will be given later. The
dimension for module given by (5.11) is,
24d(k, p− 1, q)J¯ − 1
3
kˆ qˆ(2kˆ2 − 2qˆ2 − 3)J¯ . (5.12)
For completeness we also note the 3
4
-BPS case which is obtained by the action of Q4α
alone
[k, p, q](0,¯)
Q
−→ [k, p, q−1]( 12 ,¯)
Q2
−→ [k, p, q−2](0,¯) , (5.13)
again generalising to arbitrary k, p, q, with dimension
22d(k, p, q − 1)J¯ + 16 kˆ pˆ(kˆ + pˆ)(kˆ + 2pˆ+ 3qˆ − 3)J¯ . (5.14)
As in the N = 2 case there are further shortening conditions that may be applied for
j ≥ 0. We consider the constraint(
Qi2 −
1
2j+1
J−Qi1
)
|k, p, q; j, ¯〉hw = 0 . (5.15)
Since J+ acting on this state gives zero, using [J+, Q
i
2] = Q
i
1, this is clearly a state with
spin (j−1, ¯) and hence (5.15) is equivalent for N = 4 to (4.24) for N = 2. Applying Sl1
to this and using {Sl1, Qi2} = 4δilJ−, [Sl1, J−] = 0, {Sl1, Qi1} = 4δil(J3 − 12 iD) + 4R
i
l, the
condition (5.15) leads to the constraint
J−
(
δil −
1
2j+1
(
(j + 1
2
∆)δil −R
i
l
))
|k, p, q; j, ¯〉hw = 0 , l = 1, 2, 3, 4 , (5.16)
which determines ∆. Since Sl
2 = −[J+, Sl1] it is clear that applying Sl2 to (5.15) does not
give additional conditions. Again there are various cases according to the various possible
choices i for which (5.15) holds,
i = 1 t = 14 ∆ = 2 + 2j +
1
2 (3k + 2p+ q) ,
i = 1, 2 t = 1
2
∆ = 2+ 2j + 1
2
(2p+ q) , k = 0 ,
i = 1, 2, 3 t = 34 ∆ = 2 + 2j +
1
2q , k = p = 0 ,
i = 1, 2, 3, 4 t = 1 ∆ = 2 + 2j , k = p = q = 0 ,
(5.17)
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where t is analogous to s in (5.8). As discussed earlier p = 0 requires that (5.15) for i = 1
implies i = 2, k = p = 0 implies (5.15) for i = 2, 3 and k = p = q = 0 for i = 2, 3, 4.
Applying the condition (5.15) just for i = 1 leads to the module
[k, p, q](j,¯)
Q
−→
[k+1,p,q]
(j+1
2
,¯)
,[k,p−1,q+1]
(j± 1
2
,¯)
[k,p,q−1],[k−1,p+1,q]
(j± 1
2
,¯)
Q2
−→
[k+1,p,q−1],[k+1,p−1,q+1],[k,p+1,q](j+1,¯),[k,p−1,q],[k−1,p+1,q−1],[k−1,p,q+1](j±1,¯)
[k+1,p,q−1],[k+1,p−1,q+1],[k,p+1,q],2[k,p−1,q](j,¯)
2[k−1,p+1,q−1],2[k−1,p,q+1],[k,p,q−2],[k,p−2,q+2],[k−2,p+2,q](j,¯)
Q3
−→
[k+1,p−1,q],[k,p+1,q−1],[k,p,q+1]
(j+3
2
,¯)
,[k−1,p,q]
(j±3
2
,¯)
[k+1,p,q−2],[k+1,p−1,q],[k+1,p−2,q+2],[k,p+1,q−1],[k,p,q+1],k−1,p+2,q]
(j+1
2
,¯)
[k+1,p−1,q],[k,p+1,q−1],[k,p,q+1],[k,p−1,q−1],[k,p−2,q+1]
(j± 1
2
,¯)
[k−1,p+1,q−2],3[k−1,p,q],[k−1,p−1,q+2],[k−2,p+2,q−1],[k−2,p+1,q+1]
(j± 1
2
,¯)
Q4
−→
[k,p,q](j+2,¯),[k+1,p−1,q−1],[k+1,p−2,q+1],[k,p+1,q−2],2[k,p,q](j+1,¯)
[k,p−1,q+2],[k−1,p+2,q−1],[k−1,p+1,q+1](j+1,¯)
[k,p,q],[k−1,p,q−1],[k−1,p−1,q+1],[k−2,p+1,q](j±1,¯)
[k+1,p−1,q−1],[k+1,p−2,q+1],[k,p+1,q−2],3[k,p,q],[k,p−1,q+2],[k,p−2,q](j,¯)
[k−1,p+2,q−1],[k−1,p+1,q+1],2[k−1,p,q−1],2[k−1,p−1,q+1](j,¯)
[k−2,p+2,q−2],2[k−2,p+1,q],[k−2,p,q+2](j,¯)
Q5
−→
[k,p,q−1],[k,p−1,q+1],[k−1,p+1,q]
(j+3
2
,¯)
[k+1,p−2,q],[k,p,q−1],[k,p−1,q+1],[k−1,p+2,q−2],[k−1,p+1,q],[k−1,p,q+2]
(j+1
2
,¯)
[k,p,q−1],[k,p−1,q+1],[k−1,p+1,q],[k−1,p−1,q],[k−2,p+1,q−1],[k−2,p,q+1]
(j± 1
2
,¯)
Q6
−→
[k,p−1,q],[k−1,p+1,q−1],[k−1,p,q+1](j+1,¯)
[k,p−1,q],[k−1,p+1,q−1],[k−1,p,q+1],[k−2,p,q](j,¯)
Q7
−→ [k−1, p, q](j+ 12 ,¯) . (5.18)
For this case there are
(
7
l
)
representations of SU(4)R ⊗ SU(2)J ⊗ SU(2)J¯ at level l. By
adding up the dimensions of all representations we find a total dimension of(
27d(k − 12 , p, q)(J +
1
2)−
4
3 pˆqˆ(pˆ+ qˆ)(6 kˆ + 4 pˆ+ 2 qˆ − 3)(J +
3
2 )
+ 83 pˆqˆ(pˆ+ qˆ)(4 kˆpˆ+ 2 kˆqˆ + pˆqˆ + pˆ
2 + 3 kˆ2 − 2)
)
J¯ .
(5.19)
If (5.15) is applied for i = 1, 2 we obtain
[k, p, q](j,¯)
Q
−→
[k+1,p,q],[k−1,p+1,q]
(j+1
2
,¯)
[k,p,q−1],[k,p−1,q+1]
(j± 1
2
,¯)
Q2
−→
[k+1,p,q−1],[k+1,p−1,q+1],[k,p+1,q],[k−1,p+1,q−1],[k−1,p,q+1](j+1,¯),[k,p−1,q](j±1,¯)
[k+1,p,q−1],[k+1,p−1,q+1],[k,p,q−2],2[k,p−1,q],[k,p−2,q+2],[k−1,p+1,q−1],[k−1,p,q+1](j,¯)
Q3
−→
[k+1,p−1,q],[k,p+1,q−1],[k,p,q+1],[k−1,p,q]
(j+3
2
,¯)
[k+1,p,q−2],[k+1,p−1,q],[k+1,p−2,q+2],[k,p+1,q−1],[k,p,q+1]
(j+1
2
,¯)
[k−1,p+1,q−2],[k−1,p,q],[k−1,p−1,q+2]
(j+1
2
,¯)
[k+1,p−1,q],[k,p−1,q−1],[k,p−2,q+1],[k−1,p,q]
(j±1
2
,¯)
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Q4
−→
[k,p,q](j+2,¯),[k+1,p−1,q−1],[k+1,p−2,q+1],[k,p+1,q−2](j+1,¯)
2[k,p,q],[k,p−1,q+2],[k−1,p,q−1],[k−1,p−1,q+1](j+1,¯)
[k+1,p−1,q−1],[k+1,p−2,q+1],[k,p,q],[k,p−2,q],[k−1,p,q−1],[k−1,p−1,q+1](j,¯)
Q5
−→
[k,p,q−1],[k,p−1,q+1]
(j+3
2
,¯)
[k+1,p−2,q],[k,p,q−1],[k,p−1,q+1],[k−1,p−1,q]
(j+1
2
,¯)
Q6
−→ [k, p−1, q](j+1,¯) . (5.20)
Here there are
(
6
l
)
representations of SU(4)R ⊗ SU(2)J ⊗ SU(2)J¯ at level l. The total
dimension of all representations is(
26d(k, p− 1
2
, q)(J + 1)− 1
3
kˆqˆ(4 kˆ2 − 4 qˆ2 − 3)(J + 1)
+ 43 kˆqˆ(kˆ + 2 pˆ+ qˆ − 1)(2 kˆpˆ+ 2 qˆpˆ+ 2 pˆ
2 + kˆqˆ − kˆ − 2 pˆ− qˆ + 1)
)
J¯ .
(5.21)
With i = 1, 2, 3 we have
[k, p, q](j,¯)
Q
−→
[k+1,p,q],[k,p−1,q+1],[k−1,p+1,q]
(j+1
2
,¯)
[k,p,q−1]
(j± 1
2
,¯)
Q2
−→
[k+1,p,q−1],[k+1,p−1,q+1],[k,p+1,q],[k,p−1,q],[k−1,p+1,q−1],[k−1,p,q+1](j+1,¯)
[k+1,p,q−1],[k,p,q−2],[k,p−1,q],[k−1,p+1,q−1](j,¯)
Q3
−→
[k+1,p−1,q],[k,p+1,q−1],[k,p,q+1],[k−1,p,q]
(j+3
2
,¯)
[k+1,p,q−2],[k+1,p−1,q],[k,p+1,q−1],[k,p−1,q−1],[k−1,p+1,q−2],[k−1,p,q]
(j+1
2
,¯)
Q4
−→
[k,p,q](j+2,¯)
[k+1,p−1,q−1],[k,p+1,q−2],[k,p,q],[k−1,p,q−1](j+1,¯)
Q5
−→ [k, p, q−1](j+ 32 ,¯) . (5.22)
The dimensions here add up to(
25d(k, p, q − 12)(J +
3
2 ) +
1
3 kˆpˆ(kˆ + pˆ)(2 kˆ + 4 pˆ+ 6 qˆ − 3)(J +
1
2)
+ 13 kˆpˆ(kˆ + pˆ)(2 kˆpˆ+ 4 kˆqˆ + 8 pˆqˆ + 2 pˆ
2 + 6 qˆ2 − 1)
)
J¯ .
(5.23)
Finally for i = 1, 2, 3, 4 in (5.15),
[k, p, q](j,¯)
Q
−→
[k+1,p,q],[k,p,q−1]
(j+1
2
,¯)
[k,p−1,q+1,[k−1,p+1,q]
(j+1
2
,¯)
Q2
−→
[k+1,p,q−1],[k+1,p−1,q+1],[k,p+1,q](j+1,¯)
[k,p−1,q],[k−1,p+1,q−1],[k−1,p,q+1](j+1,¯)
Q3
−→
[k+1,p−1,q],[k,p+1,q−1]
(j+3
2
,¯)
[k,p,q+1],[k−1,p,q]
(j+3
2
,¯)
Q4
−→ [k, p, q](j+2,¯) , (5.24)
In this case the dimension formula is
24d(k, p, q)(2j + 3)(2¯+ 1) = 43 kˆ pˆ qˆ(kˆ + pˆ)(qˆ + pˆ)(kˆ + pˆ+ qˆ)(J + 2) J¯ . (5.25)
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Equivalent shortening conditions may be obtained for the action of the Q¯ supercharges.
Instead of (5.6) we may impose
Q¯iα˙|k, p, q; j, ¯〉
hw = 0 , α˙ = 1, 2 . (5.26)
Consistency requires ¯ = 0 and then(
δli
1
2
∆+Rli
)
|k, p, q; 0, ¯〉hw = 0 , l = 1, 2, 3, 4 , (5.27)
which leads to, corresponding to (5.8),
i = 4 s¯ = 14 ∆ =
1
2(k + 2p+ 3q) ,
i = 3, 4 s¯ = 12 ∆ =
1
2(k + 2p) , q = 0 ,
i = 2, 3, 4 s¯ = 3
4
∆ = 1
2
k , p = q = 0 ,
i = 1, 2, 3, 4 s¯ = 1 ∆ = 0 , k = p = q = 0 .
(5.28)
For the semi-short case we may impose, corresponding to (5.15),(
Q¯i1 +
1
2¯+1
J¯−Q¯i2
)
|k, p, q; j, ¯〉hw = 0 , (5.29)
and this leads to
i = 4 t¯ = 14 ∆ = 2 + 2¯+
1
2(k + 2p+ 3q) ,
i = 3, 4 t¯ = 12 ∆ = 2 + 2¯+
1
2 (k + 2p) , q = 0 ,
i = 2, 3, 4 t¯ = 34 ∆ = 2 + 2¯+
1
2k , p = q = 0 ,
i = 1, 2, 3, 4 t¯ = 1 ∆ = 2 + 2¯ , k = p = q = 0 .
(5.30)
For both the short and semi-short cases the action of the Q¯ charges may be obtained by
the conjugation of the results for Q given above.
The above results, summarised in (5.8) and (5.17), correspond to representations of
the chiral subalgebra formed by {Qiα, Sjβ ,Mαβ , Rij , D}. Neglecting ¯ which is irrelevant
the long multiplet given by (5.4) may be denoted by
a∆[k,p,q]j , (5.31)
while for the BPS short multiplets we have, for j = 0,
b
1
4
[k,p,q] , b
1
2
[0,p,q] , b
3
4
[0,0,q] , (5.32)
which correspond to (5.9), (5.11) and (5.13), and the semi-short multiplets are
c
1
4
[k,p,q]j , c
1
2
[0,p,q]j , c
3
4
[0,0,q]j , c
1
[0,0,0]j , (5.33)
27
corresponding to (5.18) for k ≥ 1, (5.20) for k = 0, p ≥ 1, (5.22) for k = p = 0, q ≥ 1 and
(5.24) k = p = q = 0 respectively. At the unitarity threshold it is easy to then verify that
the long multiplet may be decomposed as semi-direct sum
a
2+2j+ 12 (3k+2p+q)
[k,p,q]j ≃ c
1
4
[k,p,q]j ⊕ c
1
4
[k+1,p,q]j−12
, a
2+2j+ 12 (2p+q)
[0,p,q]j ≃ c
1
2
[0,p,q]j ⊕ c
1
4
[1,p,q]j−12
,
a
2+2j+ 12 q
[0,0,q]j ≃ c
3
4
[0,0,q]j ⊕ c
1
4
[1,0,q]j−12
, a2+2j[0,0,0]j ≃ c
1
[0,0,0]j ⊕ c
1
4
[1,0,0]j−12
, (5.34)
which can be checked with the aid of the various dimension formulae. These results also
hold for j = 0 if we make the identification, justified later, that
c
1
4
[k,p,q]−12
≃ b
1
4
[k+1,p,q] , (5.35)
which is consistent with the dimension results (5.19), for J = 0, and (5.10). The first case
in (5.34) has also been obtained recently in [22] and BPS multiplets further discussed in
[23].
To construct all conformal primary states for complete supermultiplets it is necessary
to combine the results for the Q and Q¯ supercharges. The basic long supermultiplet is
labelled in terms of its scale dimension and SU(4), spin representations for the lowest
dimension state,
A∆[k,p,q](j,¯) , dimA
∆
[k,p,q](j,¯) = 2
16d(k, p, q)(2j + 1)(2¯+ 1) . (5.36)
All conformal primary representations may be found with the aid of (5.4) and its conjugate,
applying this to each representation appearing in (5.4). If k, p or q are < 4 there will be a
cancellation of representations according to rules specified later. For unitarity [8]
∆ ≥ 2 + 2j + 12(3k + 2p+ q), 2 + 2¯+
1
2 (k + 2p+ 3q) . (5.37)
From the above it is simple to obtain the short supermultiplets where the shortening
conditions apply only to the action of the Q supercharges while Q¯ are unconstrained, and
vice versa. The full supermultiplets are easily obtained from the results above and in
consequence we do not consider further such cases here.
If the conditions (5.8) and (5.28) are both applied we must have j = ¯ = 0 and we
denote these short supermultiplets as Bs,s¯[k,p,q](0,0). It is easy to see, from compatibility of
the formulae for ∆ in (5.8) and (5.28), that it is necessary that s = s¯ if they are non zero.
For s = s¯ = 1, k = p = q = 0, we must also have from (3.1) Pa|0, 0, 0; 0, 0〉 = 0 and of
course this corresponds to the trivial vacuum representation. Otherwise only the two well
known cases are possible,
B
1
4 ,
1
4
[q,p,q](0,0) , ∆ = p+ 2q , (5.38)
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and
B
1
2 ,
1
2
[0,p,0](0,0) , ∆ = p . (5.39)
For these multiplets the dimensions are
dimB
1
2 ,
1
2
[0,p,0](0,0) = 2
8 d(0, p− 2, 0) = 643 pˆ(pˆ− 1)
2(pˆ− 2) ,
dimB
1
4 ,
1
4
[q,p,q](0,0) = 2
12d(q − 2, p, q) + 256
3
pˆ(2pˆ+ 1)(2pˆ− 1)(2qˆ + pˆ− 2) .
(5.40)
The 1
2
-BPS multiplet corresponds to the chiral primary operators in N = 4 theories. The
details of the representations for all conformal primary states in the multiplet are well
known, being first given in [15] and were described diagrammatically in a fashion similar
to that for the N = 2 case in [2]. The representations of conformal primary states are
obtained, as described above for a long multiplet, from (5.9) or (5.4) and their conjugates.
Beyond the simple 12 -BPS case the numbers of representations proliferate hugely. We list
the self conjugate representations, of the form [q, p, q]ℓ ≡ [q, p, q](12 ℓ, 12 ℓ) which are generated
by equal numbers of Q and Q¯ supercharges, refered to here as diagonal. This are just the
representations that should contribute to the operator product expansion of two chiral
primary operators. For the 12 -BPS and
1
4 -BPS cases the results for the scale dimension
and associated representations are
p p+ 1 p+ 2 p+ 3 p+ 4
[0, p, 0]0 [1, p− 2, 1]1
[0,p−2,0]2
[2,p−4,2]0 [1, p− 4, 1]1 [0, p− 4, 0]0
Table 1. Diagonal representations in B
1
2 ,
1
2
[0,p,0](0,0).
2q + p 2q + p+ 1 2q + p+ 2
[q, p, q]0
[q−1,p,q−1]1,[q−1,p+2,q−1]1
2[q,p,q]1,[q+1,p−2,q+1]1
[q−2,p+2,q−2]2,2[q−1,p,q−1]2,[q,p−2,q]2,[q,p,q]2
[q−2,p,q−2]0,[q−2,p+2,q−2]0,[q−2,p+4,q−2]0
2[q−1,p,q−1]0,2[q−1,p+2,q−1]0,[q,p−2,q]0,3[q,p,q]0
2[q+1,p−2,q+1]0,[q+2,p−4,q+2]0
2q + p+ 3 2q + p+ 4
[q−1,p,q−1]3,[q−3,p+2,q−3]1,[q−3,p+4,q−3]1
2[q−2,p,q−2]1,4[q−2,p+2,q−2]1,[q−1,p−2,q−1]1
6[q−1,p,q−1]1,[q−1,p+2,q−1]1,4[q,p−2,q]1
2[q,p,q]1,[q+1,p−4,q+1]1,[q+1,p−2,q+1]1
[q−2,p,q−2]2,[q−2,p+2,q−2]2,2[q−1,p,q−1]2
[q,p−2,q]2,[q−4,p+4,q−4]0,2[q−3,p+2,q−3]0
3[q−2,p,q−2]0,[q−2,p+2,q−2]0,2[q−1,p−2,q−1]0
2[q−1,p,q−1]0,[q,p−4,q]0,[q,p−2,q]0,[q,p,q]0
2q + p+ 5 2q + p+ 6
[q−3,p+2,q−3]1,2[q−2,p,q−2]1,[q−1,p−2,q−1]1,[q−1,p,q−1]1 [q − 2, p, q − 2]0
Table 2. Diagonal representations in B
1
4 ,
1
4
[q,p,q](0,0).
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If p < 4 or p, q < 4 there are cancellations which will be considered later.
If both the semi-short conditions (5.17) and (5.30) are applied we obtain a semi-
short supermultiplet Ct,t¯[k,p,q](j,¯) for various t, t¯. The main possible examples, with scale
dimensions for the lowest weight states, are given by
C
1
4 ,
1
4
[k,p,q](j,¯) , k − q = 2(¯− j) , ∆ = 2 + j + ¯+ k + p+ q ,
C
1
2 ,
1
2
[0,p,0](j,j) , ∆ = 2 + 2j + p ,
C
1
4 ,
1
2
[k,p,0](j,¯) , k = 2(¯− j) , ∆ = 2 + j + ¯+ k + p ,
C
1
4 ,
3
4
[k,0,0](j,¯) , k = 2(¯− j) , ∆ = 2 + j + ¯+ k ,
C1,1[0,0,0](j,j) , ∆ = 2 + 2j ,
(5.41)
where other cases are obtained under conjugation Ct,t¯[k,p,q](j,¯) ↔ C
t¯,t
[q,p,k](¯,j). For the dimen-
sion of C
1
4 ,
1
4 we have
dim C
1
4 ,
1
4
[k,p,q](j,¯) = a(k, p, q)J J¯ + b(k, p, q)J + b(q, p, k)J¯ + c(k, p, q) ,
a(k, p, q) = 214d(k − 12 , p, q −
1
2 )
− 2563 pˆ(kˆ + pˆ+ qˆ − 1)
(
4kˆ2 + 4qˆ2 + 8kˆpˆ+ 8pˆqˆ + 8kˆqˆ − 8kˆ − 8pˆ− 8qˆ + 1
)
,
b(k, p, q) = 213d(k − 1
2
, p, q)
− 2563 pˆ
(
4kˆ3 + 2qˆ3 + 12kˆ2pˆ+ 8kˆpˆ2 + 12kˆ2qˆ + 6kˆqˆ2 + 4pˆ2qˆ + 6pˆqˆ2 + 18kˆpˆqˆ
− 6kˆ2 − 4pˆ2 − 3qˆ2 − 12kˆpˆ− 12kˆqˆ − 9pˆqˆ + 1
)
,
c(k, p, q) = 212d(k, p, q)− 256
3
pˆ(kˆ + pˆ+ qˆ)
(
2kˆ2 + 2qˆ2 + 4kˆpˆ+ 4pˆqˆ + 4kˆqˆ − 3
)
. (5.42)
The dimensions for other examples may be obtained as special cases of (5.42), thus
dim C
1
4 ,
1
2
[k,p,0](j,¯) is obtained by setting q = 0. In particular we may obtain
dim C
1
2 ,
1
2
[0,p,0](j,j) = 2
12d(0, p− 1, 0)J (J + 2) + 2563 pˆ (2pˆ− 1)(2pˆ+ 1)(pˆ+ 2J + 2) . (5.43)
For C1,1[0,0,0](j,¯), relaxing the constraint j = ¯, we have from imposing both (5.17) and (5.30),
with the basis defined by (5.1),
(
4j¯P21 + 2j P22 J− − 2¯P11 J¯− − P12 J−J¯−
)
|0, 0, 0; j, ¯〉hw = 0 , (5.44)
which is equivalent to the conservation equation (4.41). Using (5.24) we may easily con-
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struct the full supermultiplet in this case,
∆
j+¯+2 [0, 0, 0](j,¯)
ւ ց
j+¯+5
2
[1, 0, 0](j+12 ,¯) [0, 0, 1](j,¯+
1
2 )
ւ ց ւ ց
j+¯+3 [0, 1, 0](j+1,¯)
[1,0,1]
(j+1
2
,¯+1
2
)
[0,0,0]
(j+1
2
,¯+1
2
)
[0, 1, 0](j,¯+1)
ւ ց ւ ց ւ ց
j+¯+72 [0, 0, 1](j+32 ,¯)
[0,1,1]
(j+1,¯+1
2
)
[1,0,0]
(j+1,¯+1
2
)
[1,1,0]
(j+1
2
,¯+1)
[0,0,1]
(j+1
2
,¯+1)
[1, 0, 0](j,¯+ 32 )
ւ ց ւ ց ւ ց ւ ց
j+¯+4 [0, 0, 0](j+2,¯)
[0,1,0]
(j+3
2
,¯+1
2
)
[0,0,2]
(j+3
2
,¯+1
2
)
[0,2,0],[1,0,1](j+1,¯+1)
[0,0,0](j+1,¯+1)
[0,1,0]
(j+1
2
,¯+3
2
)
[2,0,0]
(j+1
2
,¯+3
2
)
[0, 0, 0](j,¯+2)
ց ւ ց ւ ց ւ ց ւ
j+¯+92 [0, 0, 1](j+2,¯+ 12 )
[0,1,1]
(j+3
2
,¯+1)
[1,0,0]
(j+3
2
,¯+1)
[1,1,0]
(j+1,¯+3
2
)
[0,0,1]
(j+1,¯+3
2
)
[1, 0, 0](j+12 ,¯+2)
ց ւ ց ւ ց ւ
j+¯+5 [0, 1, 0](j+2,¯+1)
[1,0,1]
(j+3
2
,¯+3
2
)
[0,0,0]
(j+3
2
,¯+3
2
)
[0, 1, 0](j+1,¯+1)
ց ւ ց ւ
j+¯+11
2
[1, 0, 0](j+2,¯+ 32 ) [0, 0, 1](j+
3
2 ,¯+2)
ց ւ
j+¯+6 [0, 0, 0](j+2,¯+2) (5.45)
For j, ¯ > 0 all representations correspond to conserved currents. It is easy to see that
dim C1,1[0,0,0](j,¯) = 2
8(J + J¯ + 3) . (5.46)
For j = ¯ = 0 this would correspond to the Konishi scalar in free theory, all states
obtained for l, l¯ = 1, 2, 3, 4 satisfy conservation equations, for l = l¯ = 1 there is a conserved
vector curent. Such higher spin conserved currents (for j = ¯ = 12ℓ they are described by
symmetric traceless rank ℓ tensors) are found in free field theories but should be absent
in interacting theories1. There is a crucial difference with N = 2 for j = ¯ = 0, described
1 Higher spin currents in conformal theories have been considered by Anselmi [24] and also
in [25].
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by (4.40), since the maximal spin in that case corresponds to the the conserved energy
momentum tensor and there are no higher spin currents.
As earlier we list the self-conjugate representations obtained by the action of equal
numbers of Q and Q¯ supercharges
ℓ+ p+ 2 ℓ+ p+ 3 ℓ+ p+ 4
[0, p, 0]ℓ
2[0,p,0]ℓ+1,[1,p−2,1]ℓ+1
[1,p,1]ℓ+1,[1,p−2,1]ℓ−1
[0,p−2,0]ℓ+2,3[0,p,0]ℓ+2,[0,p+2,0]ℓ+2,2[1,p−2,1]ℓ+2
2[1,p,1]ℓ+2,[2,p−2,2]ℓ+2,[0,p−2,0]ℓ
[0,p,0]ℓ,4[1,p−2,1]ℓ,[2,p−4,2]ℓ,[2,p−2,2]ℓ
[0,p−2,0]ℓ−2
ℓ+ p+ 5 ℓ+ p+ 6
2[0,p,0]ℓ+3,[1,p−2,1]ℓ+3,[1,p,1]ℓ+3
2[0,p−2,0]ℓ+1,2[0,p,0]ℓ+1,[1,p−4,1]ℓ+1,6[1,p−2,1]ℓ+1
[1,p,1]ℓ+1,2[2,p−4,2]ℓ+1,2[2,p−2,2]ℓ+1,[3,p−4,3]ℓ+1
2[0,p−2,0]ℓ−1,[1,p−4,1]ℓ−1,[1,p−2,1]ℓ−1
[0,p,0]ℓ+4,[0,p−2,0]ℓ+2,[0,p,0]ℓ+2
4[1,p−2,1]ℓ+2,[2,p−4,2]ℓ+2,[2,p−2,2]ℓ+2
[0,p−4,0]ℓ,3[0,p−2,0]ℓ,[0,p,0]ℓ
2[1,p−4,1]ℓ,2[1,p−2,1]ℓ,[2,p−4,2]ℓ
ℓ+ p+ 7 ℓ+ p+ 8
[1,p−2,1]ℓ+3,2[0,p−2,0]ℓ+1
[1,p−4,1]ℓ+1,[1,p−2,1]ℓ+1
[0, p− 2, 0]ℓ+2
Table 3. Diagonal representations in C
1
2 ,
1
2
[0,p,0](12 ℓ,
1
2 ℓ)
.
The rather more lengthy result for C
1
4 ,
1
4
[q,p,q](12 ℓ,
1
2 ℓ)
is given in appendix C.
If we apply the semi-shortening conditions (5.6) together with (5.29), so that j = 0,
we obtain supermultiplets denoted here by Ds,t¯[k,p,q](0,¯). The main case is
D
1
4 ,
1
4
[k,p,q](0,¯) , k − q = 2 + 2¯ , ∆ = 1 + ¯+ k + p+ q . (5.47)
We may also allow t¯ = 1
2
, 3
4
if q = 0, p = q = 0 respectively but s = 1
2
, 3
4
are not possible.
Of course there are also the conjugate supermultiplets D¯t,s¯[k,p,q](j,0) for s¯ =
1
4 , t =
1
4 ,
1
2 ,
3
4 .
We have
dimD
1
4 ,
1
4
[k,p,q](0,¯) = b(q, p, k−1)J¯ + c(k−1, p, q) ,
dim D¯
1
4 ,
1
4
[k,p,q](j,0) = b(k, p, q−1)J + c(k, p, q−1) ,
(5.48)
with b, c given in (5.42), and
dim D¯
1
2 ,
1
4
[0,p,q](j,0) = 2
12d(0, p, q − 1)(J + 1)
− 2563 pˆ
(
(2pˆ+ 2qˆ − 1)(4pˆqˆ + 2qˆ2 − 2pˆ− 2qˆ − 1)J + (pˆ+ qˆ)(4pˆqˆ + 2qˆ2 − 3)
)
,
dim D¯
3
4 ,
1
4
[0,0,q](j,0) = 2
11d(0, 0, q − 1)(J + 3
2
)− 256
(
(2qˆ2 − 1)J + qˆ
)
. (5.49)
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In (5.42) or (5.48) and (5.49) we have not imposed the relations which determine J − J¯
or J in terms of k, p, q given in (5.41) or (5.47).
Just as for N = 2 we may decompose the long supermultiplet A∆[k,p,q](j,¯) at the
unitarity threshold given by (5.37). When both conditions in (5.37) hold simultaneously
we have, extending (5.34), the semi-direct sum
A2−j+3¯+p+2q[k,p,q](j,¯)
∣∣
k−q=2(¯−j)
≃ C
1
4 ,
1
4
[k,p,q](j,¯) ⊕ C
1
4 ,
1
4
[k+1,p,q](j−12 ,¯)
⊕ C
1
4 ,
1
4
[k,p,q+1](j,¯− 12 )
⊕ C
1
4 ,
1
4
[k+1,p,q+1](j−12 ,¯− 12 )
,
A2+2j+p[0,p,0](j,j) ≃ C
1
2 ,
1
2
[0,p,0](j,j) ⊕ C
1
4 ,
1
2
[1,p,0](j−12 ,j)
⊕ C
1
2 ,
1
4
[0,p,1](j,j−12 )
⊕ C
1
4 ,
1
4
[1,p,1](j−12 ,j− 12 )
, (5.50)
A2+2j[0,0,0](j,j) ≃ C
1,1
[0,0,0](j,j) ⊕ C
1
4 ,
3
4
[1,0,0](j− 12 ,j)
⊕ C
3
4 ,
1
4
[0,0,1](j,j−12 )
⊕ C
1
4 ,
1
4
[1,0,1](j− 12 ,j− 12 )
,
as well as, for j = ¯ = 0,
A2+p+2q[q,p,q](0,0) ≃ C
1
4 ,
1
4
[q,p,q](0,0) ⊕D
1
4 ,
1
4
[q+2,p,q](0,0)⊕ D¯
1
4 ,
1
4
[q,p,q+2](0,0)⊕ B
1
4 ,
1
4
[q+2,p,q+2](0,0) ,
A2+p[0,p,0](0,0) ≃ C
1
2 ,
1
2
[0,p,0](0,0) ⊕D
1
4 ,
1
2
[2,p,0](0,0) ⊕ D¯
1
2 ,
1
4
[0,p,2](0,0) ⊕ B
1
4 ,
1
4
[2,p,2](0,0) ,
A2[0,0,0](0,0) ≃ C
1,1
[0,0,0](0,0) ⊕D
1
4 ,
3
4
[2,0,0](0,0)⊕ D¯
3
3 ,
1
4
[0,0,2](0,0) ⊕ B
1
4 ,
1
4
[2,0,2](0,0) .
(5.51)
Note that, corresponding to (5.35), we may identify
C
1
4 ,
1
4
[k,p,q](j,−12 )
≃ D¯
1
4 ,
1
4
[k,p,q+1](j,0) , C
1
4 ,
1
4
[k,p,q](−12 ,− 12 )
≃ B
1
4 ,
1
4
[k+1,p,q+1](0,0) , (5.52)
which ensures that (5.51) is a special case of (5.50).
For N = 4 it is also of interest to consider the central extension which is obtained by
letting in (3.4a, b) Rij → R
i
j +
1
2δ
i
jZ when the superconformal group is SU(2, 2|4). The
multiplet structure is unchanged but in (5.8), (5.17) ∆→ ∆− Z whereas in (5.28), (5.30)
∆ → ∆+ Z. For short supermultiplets Bs,s¯[k,p,q](0,0) we no longer require s = s¯ or k = q if
s = s¯ = 14 . As well as (5.38) and (5.39) we may consider
B
1
4 ,
3
4
[k,0,0](0,0) , ∆ = k , Z = −
1
2k , B
3
4 ,
1
4
[0,0,q](0,0) , ∆ = q , Z =
1
2q , (5.53)
with
dimB
1
4 ,
3
4
[k,0,0](0,0) = 2
8d(k − 2, 0, 0) , dimB
3
4 ,
1
4
[0,0,q](0,0) = 2
8d(0, 0, q − 2) . (5.54)
For the semi-short multiplets Ct,t¯[k,p,q](j,¯) in (5.41) there is no longer any constraint on ¯− j
although the formulae for ∆ are unchanged. The semi-short/short multiplet Ds,t¯[k,p,q](0,¯),
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and its conjugate Ds¯,t[k,p,q](j,0), are also no longer restricted to s, s¯ =
1
4
. For D
1
4 ,
1
4
[k,p,q](0,¯) there
is now no constraint on k−q as in (5.47) although ∆ is the same. Of particular interest are
the chiral multiplets D1,1[0,0,0](0,¯) and D¯
1,1
[0,0,0](j,0). For the latter case consistency of (5.15)
and (5.26) for i = 1, 2, 3, 4 with (3.1) leads to the Dirac equation, similarly to (4.45), which
takes the form
(
2j P2α˙ − P1α˙ J−
)
|0, 0, 0; j, 0〉hw = 0 , (5.55)
where the state |0, 0, 0; j, 0〉hw has dimension ∆ = 1 + j.
6. Applications in Special Cases
In the previous two sections we gave results for constructing supermultiplets by the
action of supercharges on the lowest dimension state when this was assumed to belong to
a general representation of SU(2)R or SU(4)R. In such a generic case the Dynkin labels
for the resulting representations are obtained simply by adding the weights of the relevant
supercharges to Dynkin indices for the representation to which the lowest dimension state
belongs. For particular examples the indices obtained are not necessarily positive or zero.
In such circumstances the Racah Speiser algorithm, described more fully in appendix B,
provides a straightforward procedure for dealing with these situations.
We first consider the N = 2 case. Identifying representations with their labels R(j,¯)
as in section 4 the algorithm requires that in tensor product expansions we should identify
(−R)(j,¯) = −(R − 1)(j,¯) , R(−j,¯) = −R(j−1,¯) , R(j,−¯) = −R(j,¯−1) . (6.1)
Necessarily in a representation R(j,¯) if any of R, j, ¯ is equal to −
1
2 the contribution of this
representation in a tensor product expansion must be set to zero. Results following from
(6.1) have been used implicitly at various points in section 4. As an illustration we may
consider (4.15) for R = 12 when there is a further truncation,
1
2 (0,¯)
Q
−→ 0( 12 ,¯) ,
1
2 (j,0)
Q¯
−→ 0(j, 12 ) . (6.2)
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If we apply the results to the short multiplet BˆR, illustrated in (4.22), for R =
1
2 , 1 we find
∆ ∆
1 1
2 (0,0)
2 1(0,0)
ւ ց ւ ց
3
2 0( 12 ,0) 0(0,
1
2 )
5
2
1
2 ( 12 ,0)
1
2 (0, 12 )
ւ ց ւ ց
2 3 0(0,0) 0( 12 ,
1
2 )
0(0,0)
5
2
−0(0, 12 ) −0( 12 ,0)
7
2
ց ւ
3 −12 (0,0) 4 −0(0,0)
r 12 0 −
1
2 1
1
2 0 −
1
2 −1
(6.3)
The negative contributions may be cancelled by imposing the equations of motion or
conservation equations. Thus in the R = 12 case representing the contribution with ∆ = 1
by a scalar field ϕi and for ∆ = 32 by two fermions ψα, χ
α˙ it is easy to see that ∂2ϕi and
∂α˙αψα, ∂αα˙χ
α˙ exactly correspond in dimensions and spins to the negative representations
with ∆ = 3 and ∆ = 52 respectively. Thus the requirement of the equations of motion
cancels these negative terms and this represents the usual N = 2 hypermultiplet. In the
case of Bˆ1 the multiplet contains a SU(2)R singlet current Jαα˙ with ∆ = 3, belonging to
the representation 0( 12 ,
1
2 )
, for which the divergence ∂α˙αJαα˙ corresponds to the negative
contribution in (6.3) and so the conservation of the current cancels the negative piece.
This case is the simplest gauge invariant short multiplet in N = 2 theories.
For the semi-short modules we may note, using (6.1), that (4.27) reduces to (4.28)
for R = 0. The semi-short supermultiplet CR(j,¯), displayed in (4.37) reduces to C0(j,¯),
as given in (4.40), together with negative contributions which are cancelled by imposing
conservation equations on all fields belonging to the supermultiplet. We may also note
that in (4.27) setting j = −12 removes the first term and this module is identical to the
short module exhibited in (4.15) for R → R + 12 . This provides an explanation of (4.51).
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A further special case, following from (6.2), is obtained by considering (4.43) for R = 12 ,
∆
¯+2 1
2 (0,¯)
ւ ց
¯+52 0( 12 ,¯)
1
(0,¯+1
2
)
0
(0,¯± 1
2
)
ց ւ ց
¯+3 12 ( 12 ,¯+
1
2 )
1
2 (0,¯+1),(0,¯)
ց ւ ց
¯+72 0( 12 ,¯+1) 0(0,¯+
1
2 )
r ¯+32 ¯+1 ¯+
1
2 ¯ ¯−
1
2
(6.4)
neglecting negative terms which are removed by imposing conservation of the currents for
the representations 0( 12 ,¯), if ¯ > 0,
1
2 ( 12 ,¯+
1
2 )
and 0( 12 ,¯+1). In addition we may obtain from
(4.37) and (4.22), using (6.1),
CR(−1,−1) = BˆR(0,0) . (6.5)
A similar pattern emerges for N = 4. In this case for SU(4) representations [k, p, q]
in tensor product expansions we should identify
[k, p, q] = − [−k − 2, p+ k + 1, q] , [k, p, q] = −[k + p+ 1,−p− 2, q + p+ 1] ,
[k, p, q] = −[k, p+ q + 1,−q − 2] .
(6.6)
These identities generate a group of order 24 so there are 23 non trivial relations which
allow [k, p, q] = ±[k′, p′, q′] with k′, p′, q′ ≥ 0 or [k, p, q] = 0, as when any of k, p, q are equal
to −1. These rules allow the construction of supermultiplets described previously to be
extended to cases when the lowest state representation has low k, p, q. Some examples are
given in tables in appendix C.
Using (6.6) it is easy to see that there is also a truncation of the basic short modules
for special choices of k, p, q. For b
1
4
[k,p,q], given by (5.9), if k = 1
[1, p, q](0,¯)
Q
−→
[1,p,q−1],[1,p−1,q+1]
( 1
2
,¯)
[0,p+1,q]
( 1
2
,¯)
Q2
−→
[1,p−1,q],[0,p+1,q−1],[0,p,q+1](1,¯)
[1,p,q−2],[1,p−1,q],[1,p−2,q+2],[0,p+1,q−1],[0,p,q+1](0,¯)
Q3
−→
[0,p,q]
(3
2
,¯)
,[1,p−1,q−1],[1,p−2,q+1]
( 1
2
,¯)
[0,p+1,q−2],2[0,p,q],[0,p−1,q+2]
( 1
2
,¯)
Q4
−→
[0,p,q−1],[0,p−1,q+1](1,¯)
[1,p−2,q],[0,p,q−1],[0,p−1,q+1](0,¯)
Q5
−→ [0, p−1, q]( 12 ,¯) . (6.7)
36
For b
1
2
[0,p,q], given by (5.11), we have if p = 1
[0, 1, q](0,¯)
Q
−→
[0,1,q−1]
( 1
2
,¯)
[0,0,q+1]
( 1
2
,¯)
Q2
−→
[0,0,q](1,¯)
[0,1,q−2],[0,0,q](0,¯)
Q3
−→ [0, 0, q−1]( 12 ,¯) , (6.8)
and for b
3
4
[0,0,q], given by (5.13), for q = 1 we have just,
[0, 0, 1](0,¯)
Q
−→ [0, 0, 0](12 ,¯) . (6.9)
In each example there is one less level than for the general case. In (6.7) there is one
further stage of shortening if p = 0 and in (6.8) if q = 0. In general for these modules we
have
b
1
4
[0,p,q] ≃ b
1
2
[0,p,q] ⊖ b
1
2
[0,p+1,q] , b
1
2
[0,0,q] ≃ b
3
4
[0,0,q] . (6.10)
For the semi-short modules ct[k,p,q]j there is no similar truncation but it easy to check, with
the aid of results flowing from (6.6), that these are nested in that c
1
4
[0,p,q]j ≃ c
1
2
[0,p,q]j and
similarly if p and then q are set to zero for t = 34 , 1. Thus (5.19) and (5.21) are identical
for k = 0. We may also note that in (5.18) if j = −1
2
the first representation is absent and
the module is identical with (5.9) with k → k + 1, justifying (5.35). In a similar fashion
we may note that
c
1
2
[0,p,q]−1 ≃ ⊖b
1
2
[0,p,q] ⊕ b
1
2
[0,p+1,q] . (6.11)
These results extend to complete supermultiplets. The simplest non trivial 12 -BPS
multiplets are B
1
2 ,
1
2
[0,1,0](0,0), which has maximal shortening,
∆
1 [0, 1, 0](0,0)
ւ ց
3
2 [0, 0, 1](12 ,0) [1, 0, 0](0,
1
2 )
ւ ց
2 [0, 0, 0](1,0) [0, 0, 0](0,1)
ց ւ
5
2
−[0, 0, 1](0, 12 ) −[1, 0, 0](12 ,0)
ւ ց ւ ց
3 −[0, 0, 0](12 , 12 ) −[0, 1, 0](0,0) −[0, 0, 0](12 , 12 )
7
2
4 [0, 0, 0](0,0) [0, 0, 0](0,0)
(6.12)
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and B
1
2 ,
1
2
[0,2,0](0,0)
∆
2 [0, 2, 0](0,0)
ւ ց
5
2
[0, 1, 1](12 ,0) [1, 1, 0](0,
1
2 )
ւ ց ւ ց
3
[0,1,0](1,0)
[0,0,2](0,0)
[1, 0, 1](12 ,
1
2 )
[0,1,0](0,1)
[2,0,0](0,0)
ւ ց ւ ց ւ ց
7
2 [0, 0, 1](12 ,0) [1, 0, 0](1,
1
2 )
[0, 0, 1](12 ,1) [1, 0, 0](0,
1
2 )
ւ ց ւ ց
4 [0, 0, 0](0,0)
[0,0,0](1,1)
−[1,0,1](0,0) [0, 0, 0](0,0)
ւ ց
9
2 −[1, 0, 0](12 ,0) −[0, 0, 1](0, 12 )
ց ւ
5 −[0, 0, 0](12 , 12 )
(6.13)
In (6.12), as in the N = 2 case, the negative contributions are cancelled by imposing equa-
tions of motion on all fields (for the representation [0, 0, 0](1,0) with ∆ = 2 corresponding to
a field fαβ = fβα there is associated vector Vαα˙, [0, 0, 0](12 ,
1
2 )
, with ∆ = 3 which contributes
negatively and a scalar ϕ, [0, 0, 0](0,0), with ∆ = 4, the equation of motion is ∂
α˙αfαβ = 0
and we may note that f
∂
−→V
∂
−→ϕ with ∂∂f = 0). For each column there are zero
total degrees of freedom reflecting the vanishing of the dimension formula (5.40) in this
case. This of course corresponds to the elementary multiplet in N = 4 gauge theories. In
(6.13) it is necessary to impose conservation equations for the [1, 0, 1](12 ,
1
2 )
SU(4) current,
as well as the energy momentum tensor, [0, 0, 0](1,1), and spinor currents, [1, 0, 0](1,12 ) and
[0, 0, 1](12 ,1). For p > 2 there are no such constraints on the corresponding fields since
no negative representations appear in B
1
2 ,
1
2
[0,p,0](0,0). As a consequence of (6.7) we may also
note that B
1
4 ,
1
4
[1,p,1](0,0) is shortened from the generic
1
4 -BPS case, the scale dimension ranges
just from p + 2 to p + 7. Using (6.7) we also obtain the singleton multiplet B
1
4 ,
3
4
[1,0,0](0,0) is
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described by
∆
1 [1, 0, 0](0,0)
ւ ց
3
2 [0, 1, 0](12 ,0) [0, 0, 0](0,
1
2 )
ւ
2 [0, 0, 1](1,0)
ւ
5
2 [0, 0, 0](32 ,0)
(6.14)
with all fields required to satisfy equations of motion. The singleton representa-
tions B
1
2 ,
1
2
[0,1,0](0,0), B
1
4 ,
3
4
[1,0,0](0,0) and B
3
4 ,
1
4
[0,0,1](0,0) are building blocks for all supermultiplets.
We may also note that B
1
4 ,
3
4
[2,0,0](0,0) contains conserved currents for the representations
[0, 1, 0](12 ,
1
2 )
, [0, 0, 1](1,12 ) and [0, 0, 0](
3
2 ,
1
2 )
.
For the semi-short multiplets Ct,t¯[k,p,q](j,¯) we have verified that C
1
4 ,
1
4
[0,p,0](j,¯) ≃ C
1
2 ,
1
2
[0,p,0](j,¯)
and also C
1
2 ,
1
2
[0,0,0](j,¯) reduces to C
1,1
[0,0,0](j,¯), shown in (5.45), together with negative
terms corresponding to the divergences of all currents with spins j, ¯ > 0. In a
similar fashion we may show that D¯
1
2 ,
1
2
[0,1,0](j,0) contains higher spin conserved currents
with the representations [1, 0, 0](j+12 ,
1
2 ),(j+
1
2 ,1),(j+2,
1
2 )
, [0, 1, 0](j+12 ,
1
2 ),(j+1,
1
2 )
, [2, 0, 0](j+12 ,
1
2 )
,
[0, 0, 0](j,1),(j+32 ,
1
2 ),(j+2,1)
, [0, 0, 1](j+1,12 ),(j+
3
2 ,1)
, [1, 0, 1](j+32 ,
1
2 )
and [1, 1, 0](j+1,12 ), in each
case with scale dimension j + ¯ + 2 as is necessary for consistency with conformal invari-
ance. The relation (5.52) demonstrates that semi-short multiplets are connected to short
multiplets in special cases, in addition from (6.11) we may note that
C
1
2 ,
1
2
[0,p,0](−1,−1) ≃ B
1
2 ,
1
2
[0,p,0](0,0) ⊖ 2B
1
2 ,
1
2
[0,p+1,0](0,0) ⊕ B
1
2 ,
1
2
[0,p+2,0](0,0) . (6.15)
Allowing for a central extension there are several cases leading to quite small multi-
plets. These have been discussed in [16]2.
2 In detail for the first paper in [16] Table 1 corresponds to B
1
2
, 1
2
[0,1,0](0,0)
, Table 2 to B
1
4
, 3
4
[1,0,0](0,0)
,
Table 3 to B
3
4
, 1
4
[0,0,1](0,0)
, Table 4 to D¯1,1
[0,0,0](0,0)
, Table 5 to D1,1
[0,0,0](0,0)
, Table 6 to D¯1,1
[0,0,0](j−1,0)
, Table
7 to D1,1
[0,0,0](0,j−1)
, Table 8 to B
1
4
, 1
2
[1,1,0](0,0)
, Table 9 to B
1
2
, 1
4
[0,1,1](0,0)
, Table 10 to D¯
1
2
, 1
2
[0,1,0](j−1,0)
, Table 11
to D
1
2
, 1
2
[0,1,0](0,j−1)
, Table 12 to C1,1
[0,0,0](jL−1,jR−1)
, while Table 13 corresponds to B
1
2
, 1
2
[0,2,0](0,0)
. In the
second paper among the new multiplets Table 6 corresponds to B
1
4
, 3
4
[2,0,0](0,0), Table 7 to B
3
4
, 1
4
[0,0,2](0,0),
Table 8 to B0,1
[0,0,0](0,0)
and Table 9 to B1,0
[0,0,0](0,0)
.
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7. Discussion
An initial motivation for this work was to identify supermultiplets with the sets of
operators that arise in the operator product expansion analysis of four point functions of
the N = 4 superconformal SU(N) gauge theory. In the analysis in [7] of superconformal
Ward identities for the four point function for [0, 2, 0] chiral primary operators we showed
how the solution of these identities required the presence of sets of operators in the operator
product expansion with related scale dimensions and spins. The spectra in each case match
exactly with what we have termed diagonal states, formed by equal numbers of Q and Q¯
supercharges acting on a superconformal primary state, for particular short and semi-short
multiplets3. This is as expected according to U(1)Y bonus symmetry [26,27]. Assuming
a non renormalisation theorem such that there is only a single undetermined function of
two variables in the solution of the Ward identities then there must be present in the
operator product expansion analysis semi-short multiplets C
1
2 ,
1
2
[0,2,0](j,j), j = 0, 1, 2 . . . and
C
1
4 ,
1
4
[1,0,1](j,j), j =
1
2 ,
3
2 , . . .. A similar pattern emerges in an extension [28] of this analysis
to next extremal [29] four point correlators of chiral primary operators. Assuming non
renormalisation theorems the operator product expansion requires the presence of semi-
short multiplets C
1
2 ,
1
2
[0,p,0](j,j) for all p = 2, 3, . . . and j = 0,
1
2 , 1, . . . (a related discussion of
next extremal correlators is also given in [6]).
More generally it remains to be understood under what circumstances short or semi-
short multiplets are protected against renormalisation effects giving rise to anomalous
dimensions. If these are to occur it is necessary the multiplet is part of a possible long
multiplet. As a consequence of (5.50) and (5.51) the only multiplets satisfying shortening
conditions for the action of both the Q and Q¯ supercharges that cannot form part of a
long multiplet and therefore must be protected are
B
1
2 ,
1
2
[0,p,0](0,0) , B
1
4 ,
1
4
[1,p,1](0,0) . (7.1)
For other cases there is the possibility of joining with other multiplets to form a long
multiplet so that such multiplets by themselves cannot be guaranteed to be protected
against renormalisation effects. The number of states in the free and interacting theories
should be the same but the way in which they are arranged into supermultiplets may
change for g non zero. Given the results (5.50) and (5.51) and a knowledge of the free
theory supermultiplet struture then, although individual semi-short multiplets can be part
of more than one long multiplet, it may be possible, following [22], to set up index theorems
3 In particular in [7] the states labelled by Bℓ correspond to C
1,1
[0,0,0]( 1
2
ℓ−1, 1
2
ℓ−1)
, Dℓ to
C
1
2
, 1
2
[0,2,0](1
2
ℓ−1, 1
2
ℓ−1)
, Eℓ to C
1
4
, 1
4
[1,0,1]( 1
2
ℓ−1, 1
2
ℓ−1)
, Bˆ0 to B
1
2
, 1
2
[0,2,0](0,0), Dˆ0 to B
1
2
, 1
2
[0,4,0](0,0) and E0 to B
1
4
, 1
4
[2,0,2](0,0).
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which would ensure, for a non zero index, the existence of other protected supermultiplets.
On the other hand a 14 -BPS multiplet B
1
4 ,
1
4
[q,p,q](0,0) with q ≥ 2 can only be part of a unique
long multiplet Ap+2q−2[q−2,p,q−2](0,0). At present the knowledge of what protected multiplets
may appear in N = 4 SYM is rather limited, for a discussion of 14 -BPS operators in field
theory see [30]. More generally it seems probable that in any interacting theory multiplets
containing higher spin currents, such as C1,1[0,0,0](j,j), for any j, illustrated in (5.45), should
be absent (this was implicitly assumed in [7]). This rule of course applies in the simplest
case j = 0 for the Konishi multiplet, the Konishi anomaly affects not just the usual spin 1
vector current but also currents in the same multiplet with spin 2,3,4. In general protected
operators belonging to semi-short multiplets are essentially multi-trace operators formed
from products of single trace 12 -BPS chiral primary operators [31], which are at least
protected against perturbative corrections to leading order in N [32].
We may also note that the conditions imposed on the action of the Q and Q¯ super-
charges, such as (4.24), (4.29) and (4.35) for N = 2 and their extensions to N = 4, on
the superconformal primary states for semi-short multiplets have a direct correspondence
in terms of the action of the D and D¯ spinor derivatives on superfields [18], where they
are referred to as current like protected operators. In the simplest case the N = 1 Kon-
ishi scalar field O satisfies D2O = D¯2O = 0 in free theory, analogous to the semi-short
conditions for j = ¯ = 0, but there is the well known anomaly to O(g2).
A remaining question is whether there are perhaps any additional shortening con-
ditions other than those discussed here. The semi-shortening conditions which arise at
unitarity bounds are clearly related to null states so that the cases considered masy be
expected to be complete. As a partial test of completeness for N = 2 we have considered
the decomposition of a N = 4 12 -BPS supermultiplet in terms of N = 2 supermultiplets
when we obtain
B
1
2 ,
1
2
[0,p,0](0,0) ≃ (p+ 1) Bˆ 12p ⊕ Ep(0,0) ⊕ E¯−p(0,0)
⊕ (p− 1) Cˆ 1
2p−1(0,0) ⊕ p
(
D 1
2 (p−1)(0,0) ⊕ D¯ 12 (p−1)(0,0)
)
⊕
p−2⊕
k=1
(k + 1)
(
B 1
2k,p−k(0,0) ⊕ B¯ 12k,k−p(0,0)
)
⊕
p−3⊕
k=0
(k + 1)
(
C 1
2k,p−k−2(0,0) ⊕ C¯ 12k,k−p+2(0,0)
)
⊕
p−4⊕
k=0
p−k−4⊕
l=0
(k + 1)Ap1
2k,p−k−4−2l(0,0)
.
(7.2)
All possible supermultiplets discussed in section 4 arise. We may note that, as expected,
for p = 2 the decomposition contains the N = 2 energy momentum tensor multiplet Cˆ0(0,0).
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Appendix A. Two Point Functions
To construct the conformal two point functions from the results of section 2 we first
note that from the definition (2.14) and taking the field OI (t, rn), for naˆ a unit vector, we
may obtain
|∆〉I = OI(i, 0)|0〉 2
∆ , I¯〈∆| = 2
∆〈0|OI¯(−i, 0) , (A.1)
which may be derived in the same fashion as other results obtained later. We then consider
exp(−iβnaˆE+aˆ − iαE+d)|∆〉I . To obtain an explicit expression we first consider
e−iαE
+
dOI(i, 0)|0〉 = OI(iτ, 0)|0〉f(τ) . (A.2)
From this we may derive
d
dα
(
OI(iτ, 0)|0〉f(τ)
)
= − i[E+d,OI(iτ, 0)]|0〉 f(τ)
= − 1
2
(
(1 + τ)2∂τ + 2∆(1 + τ)
)
OI(iτ, 0)|0〉 f(τ) ,
(A.3)
using (2.5). By solving the differential equation we easily obtain
τ + 1 =
2
1 + α
, f(τ) =
(
1
2(τ + 1)
)2∆
. (A.4)
Similarly for
e−iβnaˆE
+
aˆOI(iτ0, 0)|0〉 = OJ (iτ, rn)|0〉 g
J
I(τ, r) , (A.5)
and the following equations are now obtained
d
dβ
(r − iτ) = − 12
(
r − i(τ + 1)
)2
,
d
dβ
gJI(τ, r) = −∆r g
J
I(τ, r) + (τ + 1)(s0aˆnaˆ)
J
Kg
K
I(τ, r) .
(A.6)
Hence we get
exp(−iβnaˆE
+
aˆ−iαE
+
d)|∆〉I = OJ (i(τ−1), rn)|0〉
(
(exp(tan−1 r
τ
2s0aˆnaˆ)
)
J
I
(
1
2
(τ2 + r2)
)∆
,
r =
2β
β2 + (1 + α)2
, τ =
2(1 + α)
β2 + (1 + α)2
. (A.7)
Since I¯〈∆| exp(−iβnaˆE
+
aˆ−iαE+d)|∆〉I = NI¯I , from (2.15) and (2.17), we then determine
the two point function in the form
〈0|OI¯(−i, 0)OI(i(τ−1), rn)|0〉 = 〈0|OI¯(0)OI(x)|0〉 = II¯I(x)
1
(x2)∆
,
xa = (iτ, rn) , x2 = τ2 + r2 ,
(A.8)
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for
I(x) = N exp(− tan−1r
τ
2s0aˆnaˆ) = exp(tan
−1r
τ
2s¯0aˆnaˆ)N , (A.9)
using (2.18) and (2.16).
As an illustration for a four dimensional spinor field, OI = ψ¯α˙, O¯I¯ = ψα, then
sab =
1
2
iσ¯[aσb] and we may take N = σ0 so that (A.9) gives
I(x) = −i
1
(x2)
1
2
σax
a . (A.10)
Alternatively for a vector field Va we have (sab)
c
d = i(ηadδ
c
b−ηbdδ
c
a) then using Ncd = δcd
from (A.9) we have
Icd(x) = ηcd − 2
xcxd
x2
, (A.11)
with xc determined from (A.8). Of course (A.11) is just the expected result given by the
inversion tensor.
Appendix B. Racah Speiser Algorithm
We describe here in outline the Racah Speiser algorithm [20] which provides a succinct
and simple way of decomposing tensor products4. A representation RΛ with Dynkin labels
Λ = [λ1, . . . , λr] is characterised by a highest weight vector Λ,
Λ =
r∑
i=1
λiwi ∈W ⇔ λi ∈ Z, λi ≥ 0 , (B.1)
where wi are the fundamental weights which are dual to the simple roots αi, 2wi ·αj/αj2 =
δij . For a tensor product RΛ ⊗RΛ′ we consider the set of weights VΛ′ = {λ} for all states
in the representation space for RΛ′ (λ =
∑
i λiwi with λi positive or negative integers and,
allowing for multiplicity, there are dΛ′ weights in VΛ′ for dΛ′ the dimension of RΛ′). Then
the Racah Speiser algorithm can be paraphrased by expressing the tensor product as
RΛ ⊗RΛ′ ≃
∑
λ∈VΛ′
RΛ+λ =
∑
n
RΛ
n
, Λn ∈W , (B.2)
where we require
Rλ = sign(σ)Rλσ , λ
σ = σ(λ+ ρ)− ρ , (B.3)
4 For a more pictorial description for the case of SU(3) see [33] and in a mathematical
context chapter VI, 24.4, exercise 9 in [34].
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for σ an element of W, the Weyl group, the symmetry group of the root space which
permutes the different possible bases of simple roots, and the Weyl vector ρ is defined by
ρ = 1
2
∑
α∈Φ+
α =
r∑
i=1
wi , (B.4)
for Φ+ the set of positive roots. W is generated by the reflections corresponding to the
simple roots
σiλ = λ−
2λ · αi
αi2
αi , (B.5)
and sign(σ) = (−1)Nσ if σ is formed from the product of Nσ elementary reflections (B.5).
For λ =
∑
i λiwi then λ ∈ ∂W if λi = 0 for some i, in which case σiλ = λ. For any
weight vector λ there is a σ ∈ W such that σλ ∈ W . If σλ /∈ ∂W then σ is unique, if
σλ ∈ ∂W then there is a reflection σλ, with sign(σλ) = −, such that σλλ = λ. Consequently
if there is a σ so that σ(λ+ ρ) ∈W \ ∂W then in (B.3), for all such λ, λσ ∈W is unique.
Otherwise there is a reflection σ, with sign(σ) = −, such that λσ = λ and in this case from
(B.3)
Rλ = −Rλ = 0 . (B.6)
Hence in (B.2), for any weights λ ∈ VΛ′ , we may let RΛ+λ → ±RΛ
n
for some unique
Λn ∈ W or alternatively RΛ+λ → 0. If Λ + λ ∈ W then we may take, for some n,
Λn = Λ+ λ. Unless this is true for all λ ∈ VΛ′ there is a cancellation of representations in
the sum over {Λn} on the right hand side of (B.2) due to sign(σ) = − for some cases.
It is easy to check that the algorithm is compatible with dimensions. Let
dλ =
∏
α∈Φ+
(λ+ ρ) · α
ρ · α
. (B.7)
For any Λ ∈ W dΛ is just the Weyl formula the dimension of the representation RΛ with
Dynkin labels Λ. For an elementary reflection as in (B.5),
σi(Φ
+ \ αi) = Φ
+ \ αi , σiαi = −αi ⇒ dλσi = −dλ , (B.8)
since the scalar product is invariant under reflections. In general then dλσ = sign(σ)dλ
and it is straightforward to see that (when (B.6) holds dλ = 0),∑
λ∈VΛ′
dΛ+λ =
∑
n
dΛ
n
. (B.9)
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For illustration for the simplest case of SU(2) where, following convention, the repre-
sentations are Rj , j = 0,
1
2 , 1, . . ., the associated weights Vj = {−j,−j+1, . . . , j}, and the
Weyl group W = Z2, where for m ∈ Vj , σm = −m. In this case (B.2) gives
Rj ⊗Rj′ ≃
{∑
m∈Vj′ Rj+m , j
′ ≤ j ,∑
m∈Vj′ Rj+m =
∑
m∈Vj Rj′+m, j
′ ≥ j , (B.10)
using from (B.3),
R−n = −Rn−1 , R− 12 = 0 . (B.11)
Of course this is just the standard result for tensor products in SU(2).
Instead of (B.5) and (B.4), defining for λ = [. . . , λj , . . .] for λ =
∑
j λjwj , we may
write
σiλ = [. . . , λj − λiKij , . . .] , ρ = [1, 1, . . . , 1] , (B.12)
for [Kij] the Cartan matrix. For the case of SU(4) then with the Cartan matrix (3.25)
and with (B.3) the elementary reflections give
[λ1, λ2, λ3]
σ1 = [−λ1 − 2, λ1 + λ2 + 1, λ3] , [λ1, λ2, λ3]
σ3 = [λ1, λ2 + λ3 + 1,−λ3 − 2] ,
[λ1, λ2, λ3]
σ2 = [λ1 + λ2 + 1,−λ2 − 2, λ2 + λ3 + 1] . (B.13)
For this case W = S4, the permutation group on four objects (in this case we have the
relations σi
2 = e, σ1σ3 = σ3σ1, σ1σ2σ1 = σ2σ1σ2, σ3σ2σ3 = σ2σ3σ2). Note that
[λ1, λ2, λ3]
σ1σ2σ1 = [−λ2 − 2,−λ1 − 2, λ1 + λ2 + λ3 + 2] ,
[λ1, λ2, λ3]
σ3σ2σ3 = [λ1 + λ2 + λ3 + 2,−λ3 − 2,−λ2 − 2] ,
[λ1, λ2, λ3]
σ1σ2σ3σ2σ1 = [−λ2 − λ3 − 3, λ2,−λ1 − λ2 − 3] .
(B.14)
From (B.13) and (B.14) it is clear that we have λσ = λ with signσ = − if one of the
following conditions apply,
λ1 = −1 , λ2 = −1 , λ3 = −1 , λ1 + λ2 = −2 , λ2 + λ3 = −2 , λ1 + λ2 + λ3 = −3 .
(B.15)
These correspond exactly to the zeros of the dimension formula (3.29), as expected since
these cases correspond to zero contributions in the tensor product expansion.
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Appendix C. Tables of Representations
ℓ+ 2q + p+ 2 ℓ+ 2q + p+ 3
[q, p, q]ℓ
[q−1,p,q−1]ℓ+1,[q−1,p+2,q−1]ℓ+1,4[q,p,q]ℓ+1,[q+1,p−2,q+1]ℓ+1,[q+1,p,q+1]ℓ+1
[q−1,p,q−1]ℓ−1,[q−1,p+2,q−1]ℓ−1,2[q,p,q]ℓ−1,[q+1,p−2,q+1]ℓ−1
ℓ+ 2q + p+ 4
[q−2,p+2,q−2]ℓ+2,2[q−1,p,q−1]ℓ+2,2[q−1,p+2,q−1]ℓ+2,[q,p−2,q]ℓ+2
6[q,p,q]ℓ+2,[q,p+2,q]ℓ+2,2[q+1,p−2,q+1]ℓ+2,2[q+1,p,q+1]ℓ+2,[q+2,p−2,q+2]ℓ+2
[q−2,p,q−2]ℓ,4[q−2,p+2,q−2]ℓ,[q−2,p+4,q−2]ℓ,10[q−1,p,q−1]ℓ,8[q−1,p+2,q−1]ℓ,4[q,p−2,q]ℓ
15[q,p,q]ℓ,[q,p+2,q]ℓ,8[q+1,p−2,q+1]ℓ,2[q+1,p,q+1]ℓ,[q+2,p−4,q+2]ℓ,[q+2,p−2,q+2]ℓ
[q−2,p+2,q−2]ℓ−2,2[q−1,p,q−1]ℓ−2,[q,p−2,q]ℓ−2,[q,p,q]ℓ−2
ℓ+ 2q + p+ 5
[q−1,p,q−1]ℓ+3,[q−1,p+2,q−1]ℓ+3,4[q,p,q]ℓ+3,[q+1,p−2,q+1]ℓ+3,[q+1,p,q+1]ℓ+3
[q−3,p+2,q−3]ℓ+1,[q−3,p+4,q−3]ℓ+1,2[q−2,p,q−2]ℓ+1,10[q−2,p+2,q−2]ℓ+1,2[q−2,p+4,q−2]ℓ+1,[q−1,p−2,q−1]ℓ+1
20[q−1,p,q−1]ℓ+1,15[q−1,p+2,q−1]ℓ+1,[q−1,p+4,q−1]ℓ+1,10[q,p−2,q]ℓ+1,26[q,p,q]ℓ+1,4[q,p+2,q]ℓ+1
[q+1,p−4,q+1]ℓ+1,15[q+1,p−2,q+1]ℓ+1,6[q+1,p,q+1]ℓ+1,2[q+2,p−4,q+2]ℓ+1,4[q+2,p−2,q+2]ℓ+1,[q+3,p−4,q+3]ℓ+1
[q−3,p+2,q−3]ℓ−1,[q−3,p+4,q−3]ℓ−1,2[q−2,p,q−2]ℓ−1,8[q−2,p+2,q−2]ℓ−1
[q−1,p−2,q−1]ℓ−1,15[q−1,p,q−1]ℓ−1,4[q−1,p+2,q−1]ℓ−1,8[q,p−2,q]ℓ−1,10[q,p,q]ℓ−1
[q+1,p−4,q+1]ℓ−1,4[q+1,p−2,q+1]ℓ−1,[q+1,p,q+1]ℓ−1,[q−1,p,q−1]ℓ−3
ℓ+ 2q + p+ 6
[q,p,q]ℓ+4,[q−2,p,q−2]ℓ+2,4[q−2,p+2,q−2]ℓ+2,[q−2,p+4,q−2]ℓ+2,10[q−1,p,q−1]ℓ+2,8[q−1,p+2,q−1]ℓ+2
4[q,p−2,q]ℓ+2,15[q,p,q]ℓ+2,[q,p+2,q]ℓ+2,8[q+1,p−2,q+1]ℓ+2,2[q+1,p,q+1]ℓ+2,[q+2,p−4,q+2]ℓ+2,[q+2,p−2,q+2]ℓ+2
[q−4,p+4,q−4]ℓ,4[q−3,p+2,q−3]ℓ,2[q−3,p+4,q−3]ℓ,6[q−2,p,q−2]ℓ,15[q−2,p+2,q−2]ℓ,[q−2,p+4,q−2]ℓ
4[q−1,p−2,q−1]ℓ,26[q−1,p,q−1]ℓ,10[q−1,p+2,q−1]ℓ,[q,p−4,q]ℓ,15[q,p−2,q]ℓ,20[q,p,q]ℓ,[q,p+2,q]ℓ
2[q+1,p−4,q+1]ℓ,10[q+1,p−2,q+1]ℓ,2[q+1,p,q+1]ℓ,[q+2,p−4,q+2]ℓ,[q+2,p−2,q+2]ℓ
[q−2,p,q−2]ℓ−2,[q−2,p+2,q−2]ℓ−2,4[q−1,p,q−1]ℓ−2,[q,p−2,q]ℓ−2,[q,p,q]ℓ−2
ℓ+ 2q + p+ 7
[q−1,p,q−1]ℓ+3,[q−1,p+2,q−1]ℓ+3,2[q,p,q]ℓ+3,[q+1,p−2,q+1]ℓ+3
[q−3,p+2,q−3]ℓ+1,[q−3,p+4,q−3]ℓ+1,2[q−2,p,q−2]ℓ+1,8[q−2,p+2,q−2]ℓ+1,[q−1,p−2,q−1]ℓ+1,15[q−1,p,q−1]ℓ+1
4[q−1,p+2,q−1]ℓ+1,8[q,p−2,q]ℓ+1,10[q,p,q]ℓ+1,[q+1,p−4,q+1]ℓ+1,4[q+1,p−2,q+1]ℓ+1,[q+1,p,q+1]ℓ+1
[q−3,p+2,q−3]ℓ−1,2[q−2,p,q−2]ℓ−1,2[q−2,p+2,q−2]ℓ−1,[q−1,p−2,q−1]ℓ−1
6[q−1,p,q−1]ℓ−1,[q−1,p+2,q−1]ℓ−1,2[q,p−2,q]ℓ−1,2[q,p,q]ℓ−1,[q+1,p−2,q+1]ℓ−1
ℓ+ 2q + p+ 8 ℓ+ 2q + p+ 9
[q−2,p+2,q−2]ℓ+2,2[q−1,p,q−1]ℓ+2,[q,p−2,q]ℓ+2,[q,p,q]ℓ+2
[q−2,p,q−2]ℓ,[q−2,p+2,q−2]ℓ,4[q−1,p,q−1]ℓ,[q,p−2,q]ℓ,[q,p,q]ℓ
[q − 1, p, q − 1]ℓ+1
Table 4. Diagonal representations in C
1
4 ,
1
4
[q,p,q](12 ℓ,
1
2 ℓ)
.
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p+ 2 p+ 3 p+ 4
[1, p, 1]0
[0,p,0]1,[0,p+2,0]1
2[1,p,1]1,[2,p−2,2]1
2[0,p,0]2,[1,p−2,1]2,[1,p,1]2
[0,p,0]0,[1,p−2,1]0,2[1,p,1]0,2[2,p−2,2]0,[3,p−4,3]0
p+ 5 p+ 6 p+ 7
[0,p,0]3,[0,p−2,0]1,2[0,p,0]1,4[1,p−2,1]1
[1,p,1]1,[2,p−4,2]1,[2,p−2,2]1
[1,p−2,1]2,2[0,p−2,0]0
[1,p−4,1]0,[1,p−2,1]0
[0, p− 2, 0]1
Table 5. Diagonal representations in B
1
4 ,
1
4
[1,p,1](0,0).
ℓ+ p+ 4 ℓ+ p+ 5
[1, p, 1]ℓ
[0,p,0]ℓ+1,[0,p+2,0]ℓ+1,4[1,p,1]ℓ+1,[2,p−2,2]ℓ+1,[2,p,2]ℓ+1
[0,p,0]ℓ−1,[0,p+2,0]ℓ−1,2[1,p,1]ℓ−1,[2,p−2,2]ℓ−1
ℓ+ p+ 6
2[0,p,0]ℓ+2,2[0,p+2,0]ℓ+2,[1,p−2,1]ℓ+2,6[1,p,1]ℓ+2,[1,p+2,1]ℓ+2,2[2,p−2,2]ℓ+2,2[2,p,2]ℓ+2,[3,p−2,3]ℓ+2
6[0,p,0]ℓ,4[0,p+2,0]ℓ,4[1,p−2,1]ℓ,13[1,p,1]ℓ,[1,p+2,1]ℓ,8[2,p−2,2]ℓ,2[2,p,2]ℓ,[3,p−4,3]ℓ,[3,p−2,3]ℓ
2[0,p,0]ℓ−2,[1,p−2,1]ℓ−2,[1,p,1]ℓ−2,
ℓ+ p+ 7
[0,p,0]ℓ+3,[0,p+2,0]ℓ+3,4[1,p,1]ℓ+3,[2,p−2,2]ℓ+3,[2,p,2]ℓ+3
[0,p−2,0]ℓ+1,11[0,p,0]ℓ+1,8[0,p+2,0]ℓ+1,[0,p+4,0]ℓ+1,10[1,p−2,1]ℓ+1,22[1,p,1]ℓ+1,4[1,p+2,1]ℓ+1
[2,p−4,2]ℓ+1,15[2,p−2,2]ℓ+1,6[2,p,2]ℓ+1,2[3,p−4,3]ℓ+1,4[3,p−2,3]ℓ+1,[4,p−4,4]ℓ+1
[0,p−2,0]ℓ−1,8[0,p,0]ℓ−1,[0,p+2,0]ℓ−1,8[1,p−2,1]ℓ−1,8[1,p,1]ℓ−1,[2,p−4,2]ℓ−1,4[2,p−2,2]ℓ−1,[2,p,2]ℓ−1,[0,p,0]ℓ−3
ℓ+ p+ 8
[1,p,1]ℓ+4,6[0,p,0]ℓ+2,4[0,p+2,0]ℓ+2,4[1,p−2,1]ℓ+2,13[1,p,1]ℓ+2,[1,p+2,1]ℓ+2
8[2,p−2,2]ℓ+2,2[2,p,2]ℓ+2,[3,p−4,3]ℓ+2,[3,p−2,3]ℓ+2
4[0,p−2,0]ℓ,12[0,p,0]ℓ,4[0,p+2,0]ℓ,[1,p−4,1]ℓ,15[1,p−2,1]ℓ,15[1,p,1]ℓ,[1,p+2,1]ℓ
2[2,p−4,2]ℓ,10[2,p−2,2]ℓ,2[2,p,2]ℓ,[3,p−4,3]ℓ,[3,p−2,3]ℓ,2[0,p,0]ℓ−2,[1,p−2,1]ℓ−2,[1,p,1]ℓ−2
ℓ+ p+ 9
[0,p,0]ℓ+3,[0,p+2,0]ℓ+3,2[1,p,1]ℓ+3,[2,p−2,2]ℓ+3
[0,p−2,0]ℓ+1,8[0,p,0]ℓ+1,[0,p+2,0]ℓ+1,8[1,p−2,1]ℓ+1,8[1,p,1]ℓ+1,[2,p−4,2]ℓ+1,4[2,p−2,2]ℓ+1,[2,p,2]ℓ+1
[0,p−2,0]ℓ−1,3[0,p,0]ℓ−1,[0,p+2,0]ℓ−1,2[1,p−2,1]ℓ−1,2[1,p,1]ℓ−1,[2,p−2,2]ℓ−1
ℓ+ p+ 10 ℓ+ p+ 11
2[0,p,0]ℓ+2,[1,p−2,1]ℓ+2,[1,p,1]ℓ+2
2[0,p,0]ℓ,[1,p−2,1]ℓ,[1,p,1]ℓ
[0, p, 0]ℓ+1
Table 6. Diagonal representations in C
1
4 ,
1
4
[1,p,1](12 ℓ,
1
2 ℓ)
.
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ℓ+ 4 ℓ+ 5 ℓ+ 6 ℓ+ 7
[0, 2, 0]ℓ
2[0,2,0]ℓ+1,[1,0,1]ℓ+1
[1,2,1]ℓ+1,[1,0,1]ℓ−1
[0,0,0]ℓ+2,3[0,2,0]ℓ+2,[0,4,0]ℓ+2
2[1,0,1]ℓ+2,2[1,2,1]ℓ+2,[2,0,2]ℓ+2
[0,0,0]ℓ,[0,2,0]ℓ,3[1,0,1]ℓ,[2,0,2]ℓ
[0,0,0]ℓ−2
2[0,2,0]ℓ+3,[1,0,1]ℓ+3,[1,2,1]ℓ+3
[0,0,0]ℓ+1,2[0,2,0]ℓ+1,4[1,0,1]ℓ+1
[1,2,1]ℓ+1,[2,0,2]ℓ+1
[0,0,0]ℓ−1,[1,0,1]ℓ−1
ℓ+ 8 ℓ+ 9 ℓ+ 10
[0,2,0]ℓ+4,[0,0,0]ℓ+2,[0,2,0]ℓ+2,3[1,0,1]ℓ+2,[2,0,2]ℓ+2
[0,0,0]ℓ,[0,2,0]ℓ,[1,0,1]ℓ
[1,0,1]ℓ+3
[0,0,0]ℓ+1,[1,0,1]ℓ+1
[0, 0, 0]ℓ+2
Table 7. Diagonal representations in C
1
2 ,
1
2
[0,2,0](12 ℓ,
1
2 ℓ)
.
2q + p+ 2 2q + p+ 3
[q, p, q]0 [q−1,p,q−1]1,[q−1,p+2,q−1]1,4[q,p,q]1,[q+1,p−2,q+1]1,[q+1,p,q+1]1
2q + p+ 4
[q−2,p+2,q−2]2,2[q−1,p,q−1]2,2[q−1,p+2,q−1]2,[q,p−2,q]2
6[q,p,q]2,[q,p+2,q]2,2[q+1,p−2,q+1]2,2[q+1,p,q+1]2,[q+2,p−2,q+2]2
[q−2,p,q−2]0,[q−2,p+2,q−2]0,[q−2,p+4,q−2]0,4[q−1,p,q−1]0,4[q−1,p+2,q−1]0,[q,p−2,q]0
8[q,p,q]0,[q,p+2,q]0,4[q+1,p−2,q+1]0,2[q+1,p,q+1]0,[q+2,p−4,q+2]0,[q+2,p−2,q+2]0
2q + p+ 5
[q−1,p,q−1]3,[q−1,p+2,q−1]3,4[q,p,q]3,[q+1,p−2,q+1]3,[q+1,p,q+1]3
[q−3,p+2,q−3]1,[q−3,p+4,q−3]1,2[q−2,p,q−2]1,8[q−2,p+2,q−2]1,2[q−2,p+4,q−2]1,[q−1,p−2,q−1]1
15[q−1,p,q−1]1,13[q−1,p+2,q−1]1,[q−1,p+4,q−1]1,8[q,p−2,q]1,22[q,p,q]1,4[q,p+2,q]1
[q+1,p−4,q+1]1,13[q+1,p−2,q+1]1,6[q+1,p,q+1]1,2[q+2,p−4,q+2]1,4[q+2,p−2,q+2]1,[q+3,p−4,q+3]1
2q + p+ 6
[q,p,q]4,[q−2,p,q−2]2,4[q−2,p+2,q−2]2,[q−2,p+4,q−2]2,10[q−1,p,q−1]2,8[q−1,p+2,q−1]2
4[q,p−2,q]2,15[q,p,q]2,[q,p+2,q]2,8[q+1,p−2,q+1]2,2[q+1,p,q+1]2,[q+2,p−4,q+2]2,[q+2,p−2,q+2]2
[q−4,p+4,q−4]0,2[q−3,p+2,q−3]0,2[q−3,p+4,q−3]0,3[q−2,p,q−2]0,8[q−2,p+2,q−2]0,[q−2,p+4,q−2]0
2[q−1,p−2,q−1]0,12[q−1,p,q−1]0,6[q−1,p+2,q−1]0,[q,p−4,q]0,8[q,p−2,q]0,11[q,p,q]0,[q,p+2,q]0
2[q+1,p−4,q+1]0,6[q+1,p−2,q+1]0,2[q+1,p,q+1]0,[q+2,p−4,q+2]0,[q+2,p−2,q+2]0
2q + p+ 7
[q−1,p,q−1]3,[q−1,p+2,q−1]3,2[q,p,q]3,[q+1,p−2,q+1]3
[q−3,p+2,q−3]1,[q−3,p+4,q−3]1,2[q−2,p,q−2]1,8[q−2,p+2,q−2]1,[q−1,p−2,q−1]1,15[q−1,p,q−1]1
4[q−1,p+2,q−1]1,8[q,p−2,q]1,10[q,p,q]1,[q+1,p−4,q+1]ℓ,4[q+1,p−2,q+1]1,[q+1,p,q+1]1
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2q + p+ 8 2q + p+ 9
[q−2,p+2,q−2]2,2[q−1,p,q−1]2,[q,p−2,q]2,[q,p,q]2
[q−2,p,q−2]0,[q−2,p+2,q−2]0,4[q−1,p,q−1]0,[q,p−2,q]0,[q,p,q]0
[q − 1, p, q − 1]1
Table 8. Diagonal representations in C
1
4 ,
1
4
[q,p,q](0,0).
p+ 2 p+ 3 p+ 4
[0, p, 0]0
2[0,p,0]1,[1,p−2,1]1
[1,p,1]1
[0,p−2,0]2,3[0,p,0]2,[0,p+2,0]2,2[1,p−2,1]2,2[1,p,1]2,[2,p−2,2]2
[0,p,0]0,2[1,p−2,1]0,[2,p−4,2]0,[2,p−2,2]0
p+ 5 p+ 6
2[0,p,0]3,[1,p−2,1]3,[1,p,1]3
2[0,p−2,0]1,2[0,p,0]1,[1,p−4,1]1,6[1,p−2,1]1
[1,p,1]1,2[2,p−4,2]1,2[2,p−2,2]1,[3,p−4,3]1
[0,p,0]4,[0,p−2,0]2,[0,p,0]2,4[1,p−2,1]2,[2,p−4,2]2,[2,p−2,2]2
[0,p−4,0]0,3[0,p−2,0]0,[0,p,0]0
2[1,p−4,1]0,2[1,p−2,1]0,[2,p−4,2]0
p+ 7 p+ 8
[1,p−2,1]3,2[0,p−2,0]1,[1,p−4,1]1,[1,p−2,1]1 [0, p− 2, 0]2
Table 9. Diagonal representations in C
1
2 ,
1
2
[0,p,0](0,0).
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